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1. Introduction
Explicit extensions
Ex : 0←− F2 ←−M0 ←− · · · ←−Ms−1 ←− ΣtF2 ←− 0
representing cocycles x ∈ Exts,tA (F2,F2) can be used to calculate Steenrod opera-
tions Sqi : Exts,tA (F2,F2) −→ Exts+i,2tA (F2,F2) by a method devised by Christian
Nassau and described in Section 4. To be effective, the modules Mi need to be
small. A practical method for finding small extensions is described in Section 9,
and used in Sections 10 and 11. These extensions can be used to identify explicit
cocycles representing the values of Steenrod operations in the minimal resolutions
produced by the first author’s computer programs. This information is useful in
determining differentials in the Adams spectral sequence.
The extension for f0 was found by the third author as a part of an undergraduate
research project at Wayne State many years ago. Students of Agne`s Beaudry at the
University of Colorado have produced an extension for d0 as part of a Research Ex-
periences for Undergraduates project in the summer of 2019. We give an alternate
extension realizing d0 in Section 11. In response to the first version of this paper,
Thanks to the Simons Foundation, and to the Isaac Newton Institute for Mathematical Sci-
ences for support and hospitality during the program Homotopy Harnessing Higher Structures
during which some of this work was done. This program was supported by EPSRC grant number
EP/R014604/1.
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Dexter Chua has done extensive computer calculations of extensions. It seems that
an algorithm to produce minimal extensions may not be far off.
Andy Baker has also used these extensions to investigate the realizability of
A-modules.
2. Extensions for the subalgebra generated by the hi
The cocycle hi ∈ Ext1,2
i
A (F2,F2) is represented by an extension
0←− F2 ←−M ←− Σ2iF2 ←− 0
which we represent diagrammatically as follows:
Sq2
i
Extensions representing elements in the subalgebra generated by the hi can then
be represented simply by splicing. However, it can be difficult to recognize when
two such are equivalent. For example, the extension in Figure 1 representing h0h1
is equivalent to a split extension, but the easiest way to check this is to compute the
0
1
2
3
x0
x1
x2
F2 M0 M1 Σ3F2
Figure 1. The splice of Eh0 and Eh1
cocycle c2 : C2 −→ Σ3F2 which appears in a chain map from a resolution C∗ −→ F2
to the extension. In the notation of Section 12, such a chain map has the following
F2 C0 C1 C2
F2 M0 M1 Σ3F2
c0 c1 c2
Figure 2. The chain map to the splice of Eh0 and Eh1
nonzero values:
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0: c0(00) = x0
1: c1(10) = x1
Since the term Sq2(10) does not appear in d(2g) for any g, the cocycle c2 is zero,
and the extension is equivalent to one which is split.
3. Steenrod operations in Ext
SinceA is a cocommutative Hopf algebra, we have a symmetric monoidal product
M,N 7→M ⊗F2 N
on the category of A-modules by pulling back the natural A⊗A-module structure
on M ⊗N along the coproduct A −→ A⊗A. The comparison theorem then gives
an A-linear diagonal map ∆ : C∗ −→ C∗ ⊗ C∗ which induces a product
HomA(C∗,F2)⊗HomA(C∗,F2) −→ HomA(C∗,F2).
This must, by general nonsense, agree with the Yoneda product in ExtA(F2,F2).
This implies that this product is independent of the coproduct of A.
The cocommutativity of A implies that τ∆ ' ∆, where τ : C∗⊗C∗ −→ C∗⊗C∗
is the transposition, showing that this product is commutative. A chain homotopy
∆1 : τ∆ ' ∆ gives a ‘cup-1’ product x ∪1 y := (x ⊗ y)∆1. We can iterate this
construction, getting maps
∆i : Cσ −→ (C ⊗ C)σ+i,
with ∆0 = ∆, satisfying
(1) (d⊗ 1 + 1⊗ d)∆i + ∆id = ∆i−1 − τ∆i−1
for each i > 0. Using these we define Steenrod operations
Sqi(x) : Cs+i (C ⊗ C)2s ΣtF2 ⊗ ΣtF2 ∼= Σ2tF2∆s−i x⊗ x
for 0 ≤ i ≤ s. See [2] and [1, Ch.IV, Sec.2] for details.
In practice, a major obstacle to computing these is the size of the modules
(C ⊗ C)2s. They are far too large for hand calculation and are even too large for
practical machine calculations. Conceptually, the maps ∆i carry within them all
possible decompositions, but we are interested in only that small part detected by
the cocycle x⊗ x. This is like writing out the entire multiplication table, where all
we really need is to know how to multiply by one indecomposable.
4. An efficient method of computing Steenrod operations
The second author proposed a method for making these calculations practical in
an email to the first author [3]. He observed that if Ex is an extension corresponding
to x,
0 F2 C0 C1 · · · Cs−1 Cs · · ·
Ex : 0 F2 M0 M1 · · · Ms−1 ΣtF2 0
x0 x1 xs−1 xs = x
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then the composites (x ⊗ x)∆i : C∗ −→ C∗ ⊗ C∗ −→ M∗ ⊗M∗ can be computed
directly, without passing through C∗ ⊗ C∗, and that, if the modules Mi are small,
then this calculation is computationally feasible.
We can make this precise as follows. Let W be the usual F2[C2] free resolution
of F2: Wi is free on one generator ei and the differential is d(ei) = (1 + τ)ei−1.
Give elements of Wi⊗Cs homological degree s+ i and internal degree the same as
in Cs.
Lemma 1. The collection of chain homotopies ∆i gives a C2-equivariant chain
map D :W ⊗ C∗ −→ C∗ ⊗ C∗ by
D(ei ⊗ x) = ∆i(x)
and vice versa.
Proof. The equations (1) which say that ∆i is a chain homotopy between ∆i−1 and
τ∆i−1 equivalently say that D is a chain map. 
Theorem 2. Let ∆˜0 : C∗ −→ M∗ ⊗M∗ be a chain map lifting the isomorphism
F2 −→ F2 ⊗ F2 and, for i > 0, let ∆˜i : ∆˜i−1 ' τ∆˜i−1 be a chain homotopy as in
equation (1). Then Sqi(x) is the cohomology class of the cocycle ∆˜s−i : Cs+i −→
ΣtF2 ⊗ ΣtF2 ∼= Σ2tF2.
Proof. A chain map x : C∗ −→ M∗ gives a C2-equivariant chain map x ⊗ x :
C∗ ⊗ C∗ −→M∗ ⊗M∗. Composing, we get a C2-equivariant chain map
D˜ :W ⊗ C∗ −→ C∗ ⊗ C∗ −→M∗ ⊗M∗
covering the isomorphism F2 −→ F2 ⊗ F2 in the category of A-modules.
By the comparison theorem, any two such D˜ are chain homotopic. Thus, rather
than computing it as the composite (x ⊗ x)D, we may compute one directly by
lifting the map fromW0⊗F2 to F2⊗F2 which sends e0⊗1 to 1⊗1 to a chain map.
Lemma 1 relating D and ∆ applies equally well to the relation between D˜ and
∆˜, proving the theorem. 
Calculation of the Steenrod operations on x now depends on finding sufficiently
amenable extensions Ex.
5. The canonical extension
By taking pushouts, starting from the cocycle x : Cs −→Ms = ΣtF2, we obtain
an extension Ex associated to x. Precisely, Mi is the pushout of Ci+1 −→ Ci and
Ci+1 −→Mi+1. However, this canonical extension is no better than the resolution
C itself, in that Mi ∼= Ci for i < s− 1, so the size problem associated to C ⊗ C is
not eliminated.
6. An extension for c0 and the Sq
i(c0)
The lowest degree class not in the subalgebra generated by the hi is the class
c0 ∈ ExtA(F2,F2). Let Ec0 be the extension in Figure 3.
Proposition 3. The extension Ec0 represents the cocycle c0 = 33 ∈ Ext3,11A (F2,F2).
Proof. It suffices to exhibit the following chain map c : C∗ −→ Ec0 from the minimal
resolution in Section 12 to Ec0 . The nonzero values of c are
0: c(00) = k0
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k0
k1
k2
k3
0
1
3
5
7
9
11
F2 C0 C1 C2 Σ11F2
Figure 3. The extension Ec0
1: c(10) = k1
2: c(22) = k2
c(24) = Sq
4k2
3: c(33) = k3

Proposition 4. The squaring operations on c0 are Sq
∗(c0) = (65, 56, 46, 39) =
(c20, h0e0, f0, c1).
This allows us to determine which one of the two indecomposable elements in
Ext4,22A (F2,F2) is f0, defined as Sq1(c0). (Note that definitions of f0 by Toda
brackets cannot distinguish between f0 = 46 and f0 + h
3
1h4 = 46 + 47 because of
their indeterminacy.)
Corollary 5. The element f0 = Sq
1(c0) is dual to 46 in the minimal resolution of
Section 12.
Remark 6. We identify A generators of the minimal resolution with their duals in
ExtA to avoid having to explicitly note the duality. For example, 46 + 47 denotes
the cocycle which evaluates to 1 on each of 46 and 47, while 46 denotes the cocycle
which evaluates to 1 on 46 and to 0 on 47.
Proof of Proposition 4. It suffices to record the values of ∆i, where ∆0 = ∆ is the
chain map C −→ Ec0 ⊗ Ec0 lifting the identity map of F2, and the ∆i for i > 0
satisfy equation (1). We do this in Tables 1 and 2.
Table 1: Nonzero values of the diagonal map on c0
sg ∆
00 k0 ⊗ k0
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Table 1: Nonzero values of the diagonal map on c0 (cont).
sg ∆(sg)
10 k0 ⊗ k1 + k1 ⊗ k0
11 Sq
1k0 ⊗ k1
20 k1 ⊗ k1
21 Sq
2k1 ⊗ k1
22 k0 ⊗ k2 + k2 ⊗ k0
23 Sq
2Sq1k0 ⊗ k2
24 k0 ⊗ Sq4k2 + Sq4k2 ⊗ k0
25 k1 ⊗ Sq4Sq4k1 + Sq4Sq4k1 ⊗ k1
31 k1 ⊗ k2 + k2 ⊗ k1
32 k1 ⊗ Sq4k2 + Sq4k2 ⊗ k1 + k2 ⊗ Sq4k1
33 k0 ⊗ k3 + k3 ⊗ k0
34 Sq
1k0 ⊗ k3 + k3 ⊗ Sq1k0 + Sq4Sq2k1 ⊗ k2 + Sq2k1 ⊗ Sq4k2
36 Sq
4k2 ⊗ Sq4Sq4k1
43 Sq
4Sq2k1 ⊗ k3 + k3 ⊗ Sq4Sq2k1 + Sq4k2 ⊗ Sq4k2
54 Sq
4k2 ⊗ k3 + k3 ⊗ Sq4k2
56 Sq
2Sq4k2 ⊗ k3
65 k3 ⊗ k3
Table 2: Nonzero values of the higher diagonal maps on c0
sg ∆1(sg) ∆2(sg) ∆3(sg)
11 k1 ⊗ k1
23 Sq
2k1 ⊗ k2 + k2 ⊗ Sq2k1
25 Sq
4k1 ⊗ k2 k2 ⊗ k2
28 Sq
4Sq4k1 ⊗ Sq4k2 Sq4k2 ⊗ Sq4k2
32 k2 ⊗ k2
36 Sq
4k2 ⊗ Sq4k2
37 Sq
4k2 ⊗ Sq2Sq4k2
39 Sq
2Sq4k2 ⊗ k3 k3 ⊗ k3
46 Sq
2Sq4k2 ⊗ k3 k3 ⊗ k3
56 k3 ⊗ k3

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7. An extension for c1 and the Sq
i(c1)
The extension for c1 is the ‘double’ of that for c0: we simply replace every Sq
i
by Sq2i in Ec0 to get Ec1 .
Proposition 7. The extension Ec1 represents the cocycle c1 = 39 ∈ Ext3,22A (F2,F2).
Proof. It suffices to exhibit this chain map c : C∗ −→ Ec1 from the minimal resolu-
tion in Section 12 to Ec1 . The nonzero values of c are
0: c(00) = k0
1: c(11) = k1
2: c(25) = k2
c(28) = Sq
8k2
3: c(39) = k3

Proposition 8. The squaring operations on c1 are Sq
∗(c1) = (617, 519, 419, 319) =
(c21, h1e1, f1, c2).
This allows us to determine which element in the minimal resolution of Section 12
is f1 = Sq
1(c1).
Corollary 9. The element f1 = Sq
1(c1) is dual to 419 in the minimal resolution
of Section 12.
Proof of Proposition 8. It suffices to record the values of ∆i, where ∆0 = ∆ is the
chain map C −→ Ec1 ⊗ Ec1 lifting the identity map of F2, and the ∆i for i > 0
satisfy equation (1). We do this in Tables 3 and 4.
Table 3: Nonzero values of the diagonal map on c1
sg ∆
00 k0 ⊗ k0
11 k0 ⊗ k1 + k1 ⊗ k0
12 Sq
2k0 ⊗ k1
21 k1 ⊗ k1
23 Sq
4k1 ⊗ k1
25 k0 ⊗ k2 + k2 ⊗ k0
26 Sq
4Sq2k0 ⊗ k2
28 k0 ⊗ Sq8k2 + Sq8k2 ⊗ k0
29 k1 ⊗ Sq8Sq8k1 + Sq8Sq8k1 ⊗ k1
34 k1 ⊗ k2 + k2 ⊗ k1
37 k1 ⊗ Sq8k2 + Sq8k2 ⊗ k1 + k2 ⊗ Sq8k1
39 k0 ⊗ k3 + k3 ⊗ k0
310 Sq
2k0 ⊗ k3 + k3 ⊗ Sq2k0 + Sq8Sq4k1 ⊗ k2 + Sq4k1 ⊗ Sq8k2
314 Sq
8Sq8k1 ⊗ Sq8k2
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Table 3: Nonzero values of the diagonal map on c1 (cont).
sg ∆(sg)
413 Sq
8Sq4k1 ⊗ k3 + k3 ⊗ Sq8Sq4k1 + Sq8k2 ⊗ Sq8k2
516 Sq
8k2 ⊗ k3 + k3 ⊗ Sq8k2
519 Sq
4Sq8k2 ⊗ k3
617 k3 ⊗ k3
Table 4: Nonzero values of the higher diagonal maps on c1
sg ∆1(sg) ∆2(sg) ∆3(sg)
12 k1 ⊗ k1
26 Sq
4k1 ⊗ k2 + k2 ⊗ Sq4k1
29 Sq
8k1 ⊗ k2 k2 ⊗ k2
213 Sq
8Sq8k1 ⊗ Sq8k2 Sq8k2 ⊗ Sq8k2
37 k2 ⊗ k2
314 Sq
8k2 ⊗ Sq8k2
316 Sq
8k2 ⊗ Sq4Sq8k2
319 Sq
4Sq8k2 ⊗ k3 k3 ⊗ k3
419 Sq
4Sq8k2 ⊗ k3 k3 ⊗ k3
519 k3 ⊗ k3

8. An extension for f0 and the Sq
i(f0)
Let Ef0 be the extension
0←− F2 ←− N0 ←− N1 ←− N2 ←− N3 ←− Σ22F2 ←− 0
with
N0 =
A
(Sq1, Sq2, Sq12 + Sq0,4, Sq16)
[0, 15]
N1 =
Σ4A⊕ Σ8A
((Sq4, 0), (Sq2,1, Sq1), (Sq0,2, Sq2), (Sq8, 0), (0, Sq4Sq1), (Sq12, Sq8))
[0, 17]
N2 =
Σ5A
(Sq1, Sq6, Sq8, Sq2,2)
[0, 18]
N3 =
Σ10A
(Sq1, Sq2, Sq4)
[0, 22]
Here, M [0, n] denotes the quotient of M by classes in degrees greater than n. The
maps in the extension are
• d(k1) = Sq4k0
STEENROD OPERATIONS AND A-MODULE EXTENSIONS 9
• d(k′1) = Sq8k0
• d(k2) = Sq1k1
• d(k3) = Sq5k2
• d(k4) = Sq12k3
Proposition 10. The extension Ef0 represents the cocycle f0 = 46 ∈ Ext4,22A (F2,F2).
Proof. It suffices to exhibit the following chain map f : C∗ −→ Ef0 from the minimal
resolution in Section 12 to Ef0 . The nonzero values of f are
0: f(00) = k0
1: f(12) = k1
f(13) = k
′
1
2: f(22) = k2
f(24) = Sq
4k2
3: f(32) = k3
4: f(46) = k4

Proposition 11. The squaring operations on f0 are
Sq∗(f0) = (0, 713 + 714, 616, 0, 419) = (0, h3r0, y0, 0, f1).
Proof of Proposition 11. It suffices to record the values of ∆i, where ∆0 = ∆ is the
chain map C −→ Ef0 ⊗ Ef0 lifting the identity map of F2, and the ∆i for i > 0
satisfy equation (1). We do this in Tables 5 and 6.
Table 5: Nonzero values of the diagonal map on f0
sg ∆
00 k0 ⊗ k0
12 k0 ⊗ k1 + k1 ⊗ k0
13 k0 ⊗ k′1 + k′1 ⊗ k0 + Sq4k0 ⊗ k1
14 Sq
4k0 ⊗ Sq4k′1 + Sq4k′1 ⊗ Sq4k0+
Sq6k0 ⊗ Sq2k′1 + Sq2k′1 ⊗ Sq6k0+
Sq8k0 ⊗ k′1
22 k0 ⊗ k2 + k2 ⊗ k0
23 k1 ⊗ k1
24 k0 ⊗ Sq4k2 + Sq4k2 ⊗ k0 + Sq4k0 ⊗ k2
25 k1 ⊗ Sq2k1
26 k1 ⊗ Sq4k′1 + Sq4k′1 ⊗ k1+
Sq1k1 ⊗ Sq3k′1 + Sq3k′1 ⊗ Sq1k1+
Sq2k1 ⊗ Sq2k′1 + Sq2k′1 ⊗ Sq2k1+
Sq3k1 ⊗ Sq1k′1 + Sq1k′1 ⊗ Sq3k1 + k′1 ⊗ k′1
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Table 5: Nonzero values of the diagonal map on f0 (cont).
sg ∆(sg)
27 k1 ⊗ Sq5k′1 + +Sq5k′1 ⊗ k1+
Sq1k1 ⊗ Sq4k′1 + Sq4k′1 ⊗ Sq1k1+
Sq2k1 ⊗ Sq3k′1 + Sq3k′1 ⊗ Sq2k1+
Sq3k1 ⊗ Sq2k′1 + Sq2k′1 ⊗ Sq3k1 + k′1 ⊗ Sq1k′1
28 k1 ⊗ Sq6k′1 + Sq6k′1 ⊗ k1
Sq1k1 ⊗ Sq5k′1 + Sq5k′1 ⊗ Sq1k1+
Sq2k1 ⊗ Sq4k′1 + Sq4k′1 ⊗ Sq2k1+
Sq(0,1)k1 ⊗ Sq3k′1 + Sq3k′1 ⊗ Sq(0,1)k1+
Sq3k1 ⊗ Sq4Sq2Sq1k1 + Sq4Sq2Sq1k1 ⊗ Sq3k1+
Sq2k′1 ⊗ k′1
29 k
′
1 ⊗ Sq4k′1 + Sq1k′1 ⊗ Sq3k′1+
Sq5k′1 ⊗ Sq3k1 + Sq2Sq1k1 ⊗ Sq5k′1
32 k0 ⊗ k3 + k3 ⊗ k0
33 k1 ⊗ Sq2k2 + Sq2k2 ⊗ k1 + Sq2k1 ⊗ k2 + k2 ⊗ Sq2k1
34 Sq
3k1 ⊗ k2 + k2 ⊗ Sq3k1
35 k
′
1 ⊗ Sq4k2 + Sq4k2 ⊗ k′1+
Sq1k′1 ⊗ Sq3k2 + Sq2k′1 ⊗ Sq2k2+
Sq4k′1 ⊗ k2 + k2 ⊗ Sq4k′1+
Sq4Sq2k2 ⊗ Sq2k1
36 Sq
1k′1 ⊗ Sq4k2
37 Sq
1k′1 ⊗ Sq4Sq2k2 + Sq4Sq2k2 ⊗ Sq1k′1+
Sq2k′1 ⊗ Sq5k2 + Sq5k2 ⊗ Sq2k′1+
Sq3k′1 ⊗ Sq4k2 + Sq4k2 ⊗ Sq3k′1
38 k1 ⊗ Sq8Sq4k2 + Sq4Sq2k2 ⊗ Sq2k′1+
Sq3k1 ⊗ Sq6Sq3k2 + Sq6Sq3k2 ⊗ Sq3k1+
Sq3k′1 ⊗ Sq5k2 + Sq5k2 ⊗ Sq3k′1+
Sq5k′1 ⊗ Sq3k2 + Sq3k2 ⊗ Sq5k′1
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Table 5: Nonzero values of the diagonal map on f0 (cont).
sg ∆(sg)
39 k1 ⊗ Sq9Sq4k2 + Sq9Sq4k2 ⊗ k1+
Sq1k1 ⊗ Sq8Sq4k2 + Sq8Sq4k2 ⊗ Sq1k1+
(Sq3Sq1k1 + k
′
1)⊗ Sq6Sq3k2 + Sq6Sq3k2 ⊗ (Sq3Sq1k1 + k′1)+
Sq4Sq2Sq1k1 ⊗ Sq4Sq2k2+
Sq2k′1 ⊗ Sq5Sq2k2 + Sq5Sq2k2 ⊗ Sq2k′1+
Sq7k′1 ⊗ Sq2k2 + Sq2k2 ⊗ Sq7k′1
310 Sq
3k1 ⊗ Sq8Sq4k2 + Sq8Sq4k2 ⊗ Sq3k1+
Sq8Sq4Sq1k1 ⊗ Sq2k2 + Sq5Sq2Sq1k1 ⊗ Sq5Sq2k2+
Sq2k′1 ⊗ Sq6Sq3k2 + Sq5k′1 ⊗ Sq4Sq2k2+
Sq6k′1 ⊗ Sq5k2 + Sq5k2 ⊗ Sq6k′1+
Sq7k′1 ⊗ Sq4k2 + Sq4k2 ⊗ Sq7k′1+
Sq9Sq4k2 ⊗ Sq2k1
42 k2 ⊗ Sq3k2 + Sq3k2 ⊗ k2
43 Sq
2k2 ⊗ Sq4Sq2k2 + Sq4Sq2k2 ⊗ Sq2k2+
Sq3k2 ⊗ Sq5k2+
Sq4k2 ⊗ Sq4k2
44 Sq
4k2 ⊗ Sq5k2
45 Sq
3k′1 ⊗ k3 + k3 ⊗ Sq3k′1+
Sq4Sq2k2 ⊗ Sq5k2
46 k0 ⊗ k4 + k4 ⊗ k0+
k1 ⊗ Sq8k3 + Sq8k3 ⊗ k1+
Sq4k′1 ⊗ k3 + k3 ⊗ Sq4k′1+
Sq4Sq2k2 ⊗ Sq4Sq2k2
47 k1 ⊗ Sq8k3 + Sq8k3 ⊗ k1+
k2 ⊗ Sq8Sq4k2+
Sq4Sq2k2 ⊗ Sq4Sq2k2+
Sq6Sq3k2 ⊗ Sq3k2
48 Sq
2k1 ⊗ Sq8k3 + Sq8k3 ⊗ Sq2k1+
Sq6k′1 ⊗ k3 + k3 ⊗ Sq6k′1+
Sq5Sq2k2 ⊗ Sq5Sq2k2+
Sq6Sq3k2 ⊗ Sq5k2 + Sq5k2 ⊗ Sq6Sq3k2
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Table 5: Nonzero values of the diagonal map on f0 (cont).
sg ∆(sg)
49 k1 ⊗ Sq4Sq8k3 + Sq4Sq8k3 ⊗ k1+
Sq3k2 ⊗ Sq9Sq4k2 + Sq9Sq4k2 ⊗ Sq3k2+
Sq4k2 ⊗ Sq8Sq4k2
410 Sq
5k2 ⊗ Sq8Sq4k2
411 Sq
4k′1 ⊗ Sq4Sq8k3 + Sq4Sq8k3 ⊗ Sq4k′1+
Sq8Sq4k2 ⊗ Sq8Sq4k2
412 Sq
8Sq4k2 ⊗ Sq9Sq4k2
414 Sq
15k0 ⊗ k4 + k4 ⊗ Sq15k0
55 Sq
5k2 ⊗ k3
57 k2 ⊗ Sq8k3 + Sq8k3 ⊗ k2
59 k1 ⊗ k4 + k4 ⊗ k1+
Sq3k2 ⊗ Sq8k3 + Sq8k3 ⊗ Sq3k2
510 Sq
2k1 ⊗ k4 + k4 ⊗ Sq2k1+
Sq5k2 ⊗ Sq8k3 + Sq8k3 ⊗ Sq5k2
511 Sq
3k1 ⊗ k4 + k4 ⊗ Sq3k1+
Sq4Sq2k2 ⊗ Sq8k3 + Sq8k3 ⊗ Sq4Sq2k2
512 Sq
8Sq4k2 ⊗ Sq8k3 + Sq8k3 ⊗ Sq8Sq4k2
513 Sq
6k′1 ⊗ k4 + k4 ⊗ Sq6k′1+
Sq6Sq3k2 ⊗ Sq4Sq8k3 + Sq4Sq8k3 ⊗ Sq6Sq3k2
514 Sq
9Sq4k2 ⊗ Sq8k3
68 Sq
2k2 ⊗ k4 + k4 ⊗ Sq2k2
69 Sq
4Sq8k3 ⊗ k3
610 Sq
6Sq3k2 ⊗ k4 + k4 ⊗ Sq6Sq3k2+
Sq8k3 ⊗ Sq8k3
711 Sq
8k3 ⊗ k4 + k4 ⊗ Sq8k3
713 Sq
4Sq8k3 ⊗ k4
714 Sq
4Sq8k3 ⊗ k4
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Table 6: Nonzero values of the higher diagonal maps on f0
sg ∆1(sg) ∆2(sg) ∆3(sg) ∆4(sg)
13 k1 ⊗ k1
14 k
′
1 ⊗ k′1
24 k1 ⊗ k2 + k2 ⊗ k1
25 Sq
1k1 ⊗ k2 k2 ⊗ k2
28 Sq
1k′1 ⊗ Sq4k2 Sq4k2 ⊗ Sq4k2
32 k2 ⊗ k2
34 Sq
2k2 ⊗ k2
35 Sq
2k2 ⊗ Sq5k2+
Sq5k2 ⊗ Sq2k2+
Sq5Sq2k2 ⊗ k2
36 Sq
4k2 ⊗ Sq4k2
37 0 Sq
5k2 ⊗ k3 k3 ⊗ k3
38 Sq
6Sq3k2 ⊗ Sq2k2+
Sq5Sq2k2 ⊗ Sq4k2
39 Sq
4Sq2k2 ⊗ Sq4Sq2k2
310 Sq
8Sq4k2 ⊗ Sq2k2+
Sq2k2 ⊗ Sq8Sq4k2+
Sq5Sq2k2 ⊗ Sq5Sq2k2+
Sq6Sq3k2 ⊗ Sq5k2
419 Sq
4Sq8k3 ⊗ k4 k4 ⊗ k4
55 k3 ⊗ k3
514 Sq
8k3 ⊗ Sq8k3
616 Sq
4Sq8k3 ⊗ k4 k4 ⊗ k4
711
713 k4 ⊗ k4
714 k4 ⊗ k4

9. A practical way to find small extensions
Here is a systematic way of finding a small extension Ex. Given any extension
Ex, we can factor Ex into short exact sequences
0←− F2 p0←−M0 ←−M ′1 ←− 0
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Figure 4. ExtA(M0,F2)
0←−M ′i pi←−Mi ←−M ′i+1 ←− 0
0←−M ′s−1
ps−1←− Ms−1 ←− ΣtF2 ←− 0.
In the long exact sequences these induce, we have
Exts,tA (M0,F2) Ext
s−1,t
A (M1,F2) · · · Ext1,tA (Ms−1,F2)
Exts,tA (F2,F2)
p∗0
OO
Exts−1,tA (M
′
1,F2)
∂oo
p∗1
OO
· · ·∂oo Ext1,tA (M ′s−1,F2)∂oo
p∗s−1
OO
Ext0,tA (Σ
tF2,F2)
∂oo
The cocycle x ∈ Exts,tA (F2,F2) satisfies
x = ∂(y1) = ∂∂(y2) = · · · = ∂s−1(ys−1) = ∂s(1ΣtF2)
for cocycles yi ∈ Exts−i,tA (M ′i ,F2).
This has the virtue of simplifying our task dramatically. Rather than needing to
find all the Mi realizing x at once, we can produce them one at a time, in order.
To find M0, it suffices to find any epimorphism p0 such that p
∗
0(x) = 0. We
then let M ′1 = ker(p0) and choose any lift y1 ∈ ExtA(M ′1,F2) of x. We then
repeat the process inductively: choose an epimorphism p1 such that p
∗
1(y1) = 0, set
M ′2 = ker(p1), and choose a lift y2 of y1, etcetera.
Further, we can search for such a pi systematically, since the natural map A ⊗
M ′i −→ M ′i will certainly work, and we can usually find a small subquotient of
A⊗M ′i which maps onto M ′i and has p∗i (yi) = 0.
10. An extension for e0 and the Sq
i(e0)
We will work through the method of the preceding section to obtain an extension
realizing e0 = 45 ∈ Ext4,21A (F2,F2).
We start by observing that we may choose M0 to be the (desuspension of) the
subquotient of F2[x] = H
∗RP∞ spanned by xi for i = 1, 2, 4, 8, 16. Computing the
image of e0 under the projection M0 −→ F2 is the same as computing the action of
ExtA(F2,F2) on the cocycle 00 generating Ext0A(M0,F2), and this is easily checked
to be 0 since Ext4,21A (M0,F2) = 0. See Figure 4.
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Figure 5. ExtA(M ′1,F2)
The kernel M ′1 is the submodule of M0 spanned by x
i for i = 2, 4, 8, 16. We find
Ext3,21A (M
′
1,F2) = 〈39, 310〉 with ∂(39) = e0 and ∂(310) = 0. We choose y1 = 39.
This completes the step involving F2 ←−M0 ←−M ′1. See Figure 5.
Since M ′1 is concentrated in odd degrees, its A action factors through the even
degree quotient, A −→ ΦA. A small piece of this will suffice. Let ΦA(1) be
the double of A(1) with A-action in which Sq8 is nonzero only on the class in
degree 2. We can compute that the map in Ext induced by the tensor product
of M ′1 with the quotient map ΦA(1) −→ F2 sends 39 ∈ ExtA(M ′1,F2) to 0 in
ExtA(ΦA(1) ⊗M ′1,F2). The submodule of ΦA(1) ⊗M ′1 generated by the bottom
class, truncated above degree 21 is 20 dimensional over F2, and could be used as M1.
However, studying the kernel of the map M1 −→ M ′1, we find that the following
subquotient, which is only 10 dimensional over F2 suffices:
M1 =
ΣA
(Sq1, Sq(0,1), Sq(0,0,1), Sq8, Sq8Sq4, Sq16)
[1, 17].
This is the truncation above degree 17 of the displayed cyclic module. A chart of
ExtA(M1,F2) is shown in Figure 6. Since h0 · 39 = h2 · 36 in Ext4,22A (M ′1,F2), and
no h0-multiple in Ext
4,22
A (M1,F2) is also an h2-multiple, the map in Ext induced by
the evident epimorphism M1 −→ M ′1 must send 39 to 0, and is therefore suitable
for our purpose.
We then let M ′2 = ker(M1 −→ M ′1). It is 6-dimensional over F2 and its Ext
chart is shown in Figure 7. Since 39 went to 0 in ExtA(M1,F2), it must be in the
image of the boundary map from Ext2,21A (M
′
2,F2), and the only possibility is that
∂(28) = 39. Explicit calculation of the chain map lifting the 1-cocycle D1 −→M ′2,
using ext, where D1 −→ D0 −→M ′1 is the start of a resolution of M ′1, verifies this.
A bit of work with sage code verifies that
M ′2 =
Σ5A
(Sq1, Sq(0,1), Sq6, Sq8)
[5, 17].
We ‘relax’ these relations slightly to find M2, in particular replacing the relation
Sq6 by Sq(0,0,1). The result is a bit larger than necessary: adding the relation
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Figure 7. ExtA(M ′2,F2)
Sq0,0,2 and truncating above degree 19 gives a module
M2 =
Σ5A
(Sq1, Sq(0,1), Sq(0,0,1), Sq8, Sq(0,0,2))
[5, 19]
which is 10-dimensional over F2 and surjects to M ′2, inducing a map which sends
28 to 0 since Ext
(2,21)
A (M2,F2) = 0. See Figure 8.
The kernel, M ′3 ofM2 −→M ′2 is 4-dimensional over F2 and has Ext1,21A (M ′3,F2) =
〈13〉. By exactness of the long exact sequence in Ext for M ′2 ←− M2 ←− M ′3, we
must have ∂(13) = 28 ∈ Ext2,21A (M ′2,F2), and calculation of the chain map lifting
the defining 1-cocycle defining this extension confirms this.
We now have an extensionM ′3 ←−M3 ←− Σ21F2 defined by 13 ∈ Ext1,21A (M ′3,F2).
Using the pushout of the cocycle 13 and the differential d : D1 −→ D0 in a minimal
resolution of M ′3, it is easy to check that
M3 =
Σ11A
(Sq1, Sq2, Sq7)
[11, 21].
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Figure 9. ExtA(M ′3,F2)
The Ext chart for M3 in Figure 10 shows that Ext
1,21
A (M3,F2) = 0, so that 13 must
be ∂(00), where 00 ∈ Ext0,21A (Σ21F2,F2) is the cocycle Σ21A −→ Σ21F2 lifting the
identity map of Σ21F2.
By construction, the extension
Ee0 : 0←− F2 ←−M0 ←−M1 ←−M2 ←−M3 ←− Σ21F2 ←− 0
realizes e0 = 45, but we also wish to put in evidence the chain map e : C∗ −→ Ee0
from the minimal resolution of Section 12 to Ee0 . Let ki be the generator of the
cyclic A-module Mi, i = 0, 1, 2, 3 or of Σ21F2 if i = 4. The maps in the extension
are
• ∂(k1) = Sq1k0,
• ∂(k2) = Sq4k1,
• ∂(k3) = Sq6k2,
• ∂(k4) = Sq2Sq8k3.
Proposition 12. The extension Ee0 represents the cocycle e0 = 45 ∈ Ext4,21A (F2,F2).
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Proof. It suffices to exhibit the following chain map e : C∗ −→ Ee0 from the minimal
resolution in Section 12 to Ee0 . The nonzero values of e are
0: e(00) = k0
1: e(10) = k1
2: e(22) = k2
e(24) = Sq
4k2
e(27) = Sq
8Sq4k2
3: e(33) = k3
e(35) = Sq
6k3
4: e(45) = k4 = Σ
21ι 
Proposition 13. The squaring operations on e0 are
Sq∗(e0) = (813, 712, 614, 517, 416) = (e20,m, t, x, e1).
The proof is left to the reader.
11. An extension for d0 and the Sq
i(d0)
Examining the extension Ee0 , we find that d0 = 43 ∈ Ext4,18A (F2,F2) lifts all the
way to M ′3:
Ext4,18A (F2) Ext
3,18
A (M
′
1)
∂oo Ext2,18A (M
′
2)
∂oo Ext1,18A (M
′
3)
∂oo
d0 = 43 36
oo 26
oo 12
oo
Since we are considering a class in total degree 18, we also truncate the modules in
Ee0 above degree 18. This has the effect of eliminating a single class in degree 19
in M˜2 = M2[5, 18] and M˜
′
3 = M
′
3[11, 18].
We then have an extension M˜ ′3 ←− M˜3 ←− Σ18F2 defined by 12 ∈ Ext1,21A (M˜ ′3,F2).
It is easy to check that
M˜3 =
Σ11A
(Sq1, Sq2)
[11, 18].
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(This is the module Mahowald would call M7 because it is the smallest A-module in
which Sq7 is nonzero.) Calculating ExtA(M˜3,F2) shows that Ext1,18A (M˜3,F2) = 0,
so that 12 must be ∂(00), where 00 ∈ Ext0,18A (Σ18F2,F2) is the cocycle Σ18A −→
Σ18F2 lifting the identity map of Σ18F2. By construction, the extension
Ed0 : 0←− F2 ←−M0 ←−M1 ←− M˜2 ←− M˜3 ←− Σ18F2 ←− 0
realizes d0 = 43, but we also wish to put in evidence the chain map d : C∗ −→ Ed0
from the minimal resolution of Section 12 to Ed0 . Let ki be the generator of the
cyclic A-module Mi for i = 0, 1, for M˜i if i = 2, 3, or for Σ18F2 if i = 4. The maps
in the extension are
• ∂(k1) = Sq1k0,
• ∂(k2) = Sq4k1,
• ∂(k3) = Sq6k2,
• ∂(k4) = Sq7k3.
Proposition 14. The extension Ed0 represents the cocycle d0 = 43 ∈ Ext4,18A (F2,F2).
Proof. It suffices to exhibit the following chain map d : C∗ −→ Ed0 from the minimal
resolution in Section 12 to Ed0 . The nonzero values of d are
0: d(00) = k0
1: d(10) = k1
2: d(22) = k2
d(24) = Sq
4k2
d(27) = Sq
8Sq4k2
3: d(33) = k3
d(35) = Sq
6k3
4: d(43) = k4 = Σ
18ι

Proposition 15. The squaring operations on d0 are
Sq∗(d0) = (87, 0, 610, 0, 413) = (d20, 0, r, 0, d1).
The proof is left to the reader.
12. An explicit minimal resolution
Here is an explicit minimal resolution of F2 over the mod 2 Steenrod algebra A,
complete through homological degree s = 8 and internal degree t = 44, computed
by the computer code ext.1.9.2. The same resolution will be produced by any
modern version (post 2000) of the software and is well defined by the ordering of
monomials, which is first by degree of the A-module generator, then by a reverse
lexicographic ordering of the Milnor basis. For example, in degree 10, for example,
we would have the ordering
Sq10 > Sq(7,1) > Sq(4,2) > Sq(1,3) > Sq(3,0,1) > Sq(0,1,1)
The A-module generators in homological degree s are called s0, s1, . . . , sg, . . . ,
in order of internal degree. The ordering of elements in the terms Cs,t described
above and the usual row reduction algorithm in linear algebra breaks the ties when
two generators appear in the same bidegree.
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12.1. Homological degree 1. Complete through degree t = 127.
1: d(10) = Sq
100
2: d(11) = Sq
200
4: d(12) = Sq
400
8: d(13) = Sq
800
16: d(14) = Sq
1600
32: d(15) = Sq
3200
64: d(16) = Sq
6400
12.2. Homological degree 2. Complete through degree t = 44.
2: d(20) = Sq
110
4: d(21) = Sq
310 + Sq
211
5: d(22) = Sq
410 + Sq
(0,1)11 + Sq
112
8: d(23) = Sq
710 + Sq
611 + Sq
412
9: d(24) = (Sq
8 + Sq(2,2))10 + (Sq
7 + Sq(4,1) + Sq(0,0,1))11 + Sq
113
10: d(25) = (Sq
9 + Sq(3,2))10 + (Sq
8 + Sq(5,1))11 + Sq
(0,2)12 + Sq
213
16: d(26) = Sq
1510 + Sq
1411 + Sq
1212 + Sq
813
17: d(27) = (Sq
16 + Sq(10,2) + Sq(7,3) + Sq(4,4) + Sq(2,0,2))10 +
(Sq(12,1) + Sq(3,4) + Sq(0,5) + Sq(8,0,1) + Sq(0,0,0,1))11 + Sq
1312 + Sq
114
18: d(28) = (Sq
17 +Sq(11,2) +Sq(3,0,2))10 +(Sq
16 +Sq(4,4) +Sq(1,5))11 +(Sq
14 +
Sq(8,2) + Sq(0,0,2))12 + Sq
214
20: d(29) = (Sq
19 +Sq(10,3) +Sq(7,4))10 +(Sq
18 +Sq(15,1) +Sq(6,4))11 +(Sq
16 +
Sq(10,2))12 + Sq
(0,4)13 + Sq
414
32: d(210) = Sq
3110 + Sq
3011 + Sq
2812 + Sq
2413 + Sq
1614
33: d(211) = (Sq
32 + Sq(26,2) + Sq(20,4) + Sq(17,5) + Sq(18,0,2) + Sq(15,1,2) +
Sq(12,2,2)+Sq(6,4,2)+Sq(3,5,2)+Sq(0,6,2)+Sq(11,0,3)+Sq(4,0,4)+Sq(2,0,0,2))10+
(Sq(28,1) + Sq(19,4) + Sq(16,5) + Sq(13,6) + Sq(7,8) + Sq(24,0,1) + Sq(9,5,1) +
Sq(3,7,1) + Sq(3,0,4) + Sq(0,1,4) + Sq(16,0,0,1) + Sq(4,4,0,1) + Sq(0,0,0,0,1))11 +
(Sq29 + Sq(20,3) + Sq(5,8) + Sq(15,0,2) + Sq(12,1,2) + Sq(8,0,3))12 + Sq
115
34: d(212) = (Sq
(27,2) + Sq(15,6) + Sq(12,7) + Sq(9,8) + Sq(10,3,2) + Sq(5,0,4) +
Sq(2,1,4) + Sq(3,0,0,2))10 + (Sq
32 + Sq(29,1) + Sq(20,4) + Sq(14,6) + Sq(8,8) +
Sq(5,9) + Sq(10,5,1) + Sq(7,6,1) + Sq(4,7,1) + Sq(1,8,1) + Sq(4,0,4) + Sq(1,1,4) +
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Sq(17,0,0,1))11 + (Sq
(24,2) + Sq(6,8) + Sq(0,10) + Sq(16,0,2) + Sq(0,0,0,2))12 +
Sq2613 + Sq
215
36: d(213) = (Sq
35 + Sq(20,5) + Sq(15,2,2) + Sq(4,1,4))10 + (Sq
34 + Sq(31,1) +
Sq(22,4) + Sq(13,7) + Sq(7,9) + Sq(1,11) + Sq(15,4,1) + Sq(9,6,1) + Sq(6,7,1) +
Sq(3,8,1) +Sq(0,9,1) +Sq(6,0,4) +Sq(19,0,0,1))11 + (Sq
32 +Sq(23,3) +Sq(8,8) +
Sq(2,10) + Sq(15,1,2))12 + (Sq
28 + Sq(16,4) + Sq(0,0,4))13 + Sq
415
40: d(214) = (Sq
39 +Sq(30,3) +Sq(27,4) +Sq(24,5) +Sq(21,6) +Sq(18,7) +Sq(12,9) +
Sq(3,2,0,2))10 + (Sq
38 +Sq(23,5) +Sq(20,6) +Sq(14,8) +Sq(10,7,1) +Sq(1,3,4) +
Sq(3,0,5)+Sq(7,0,0,0,1))11+(Sq
36+Sq(30,2)+Sq(27,3)+Sq(12,8)+Sq(3,11))12+
(Sq32 + Sq(20,4))13 + Sq
(0,8)14 + Sq
815
12.3. Homological degree 3. Complete through degree t = 44.
3: d(30) = Sq
120
6: d(31) = Sq
420 + Sq
221 + Sq
122
10: d(32) = (Sq
8 + Sq(2,2))20 + (Sq
6 + Sq(0,2))21 + Sq
124
11: d(33) = (Sq
9 + Sq(3,2))20 + (Sq
(0,0,1))21 + Sq
622 + (Sq
3 + Sq(0,1))23
12: d(34) = Sq
1020 + (Sq
8 + Sq(1,0,1))21 + Sq
423 + Sq
324 + Sq
225
17: d(35) = (Sq
(9,2) +Sq(6,3))20 +(Sq
(7,2))21 +(Sq
(0,4))22 +(Sq
9 +Sq(0,3))23 +
(Sq8 + Sq(2,2))24 + (Sq
7 + Sq(4,1) + Sq(0,0,1))25 + Sq
126
18: d(36) = (Sq
16 +Sq(10,2) +Sq(7,3) +Sq(4,4) +Sq(1,5) +Sq(2,0,2))20 + (Sq
14 +
Sq(11,1) + Sq(8,2) + Sq(2,4) + Sq(7,0,1) + Sq(4,1,1) + Sq(0,0,2))21 + Sq
127
20: d(37) = (Sq
18+Sq(3,5))20+(Sq
16+Sq(4,4)+Sq(6,1,1))21+(Sq
15+Sq(3,4))22+
(Sq12 + Sq(9,1) + Sq(3,3) + Sq(0,4))23 + Sq
327 + Sq
228
21: d(38) = (Sq
19 +Sq(13,2) +Sq(4,5) +Sq(2,1,2))20 +(Sq
17 +Sq(11,2) +Sq(5,4) +
Sq(2,5) +Sq(10,0,1) +Sq(7,1,1))21 + (Sq
16 +Sq(4,4))22 + (Sq
13 +Sq(10,1))23 +
(Sq12+Sq(6,2)+Sq(3,3)+Sq(0,4))24+(Sq
(8,1)+Sq(4,0,1))25+Sq
526+Sq
427+
(Sq(0,1))28 + Sq
129
22: d(39) = (Sq
(14,2)+Sq(11,3)+Sq(6,0,2))20+(Sq
(15,1)+Sq(11,0,1)+Sq(0,1,0,1))21+
(Sq(11,2) + Sq(8,3) + Sq(2,5) + Sq(3,0,2))22 + (Sq
14 + Sq(2,4) + Sq(0,0,2))23 +
(Sq13 + Sq(7,2))24 + Sq
1225 + (Sq
6 + Sq(0,2))26
24: d(310) = (Sq
22 + Sq(13,3) + Sq(10,4) + Sq(5,1,2))20 + (Sq
20 + Sq(10,1,1))21 +
(Sq(7,4) +Sq(2,1,2))22 +(Sq
16 +Sq(1,5) +Sq(2,0,2))23 +(Sq
(3,4) +Sq(0,5))24 +
(Sq(11,1) + Sq(7,0,1))25 + Sq
826 + Sq
727 + Sq
628 + Sq
429
33: d(311) = (Sq
31 +Sq(19,4) +Sq(16,5) +Sq(13,6) +Sq(10,7) +Sq(4,9) +Sq(1,10) +
Sq(17,0,2) +Sq(14,1,2) +Sq(11,2,2) +Sq(2,5,2) +Sq(1,3,3) +Sq(3,0,4))20 +(Sq
29 +
Sq(23,2) +Sq(14,5) +Sq(19,1,1) +Sq(10,4,1) +Sq(4,6,1) +Sq(15,0,2) +Sq(3,4,2) +
Sq(14,0,0,1) + Sq(2,4,0,1))21 + (Sq
(16,4) + Sq(1,9) + Sq(11,1,2) + Sq(8,2,2) +
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Sq(4,1,3) + Sq(1,2,3) + Sq(0,0,4))22 + (Sq
25 + Sq(16,3) + Sq(13,4) + Sq(7,6) +
Sq(1,8) + Sq(12,2,1) + Sq(8,1,2))23 + (Sq
24 + Sq(18,2) + Sq(12,4) + Sq(9,5) +
Sq(3,7))24 + (Sq
23 +Sq(20,1) +Sq(5,6) +Sq(16,0,1) +Sq(1,5,1))25 + (Sq
(11,2) +
Sq(2,5))26 + (Sq
16 + Sq(10,2) + Sq(7,3) + Sq(4,4) + Sq(2,0,2))27 + (Sq
(12,1) +
Sq(3,4) + Sq(0,5) + Sq(8,0,1) + Sq(0,0,0,1))28 + Sq
1329 + Sq
1210
34: d(312) = (Sq
(26,2) + Sq(8,8) + Sq(5,9) + Sq(2,10) + Sq(18,0,2) + Sq(15,1,2) +
Sq(12,2,2) +Sq(11,0,3) +Sq(2,0,0,2))20 +(Sq
(18,4) +Sq(12,6) +Sq(9,7) +Sq(6,8) +
Sq(0,10) +Sq(23,0,1) +Sq(20,1,1) +Sq(8,5,1) +Sq(5,6,1) +Sq(7,3,2) +Sq(4,4,2) +
Sq(2,0,4)+Sq(12,1,0,1)+Sq(0,0,0,2))21+(Sq
(17,4)+Sq(8,7)+Sq(2,9)+Sq(15,0,2)+
Sq(12,1,2)+Sq(3,4,2)+Sq(0,5,2)+Sq(5,1,3)+Sq(2,2,3)+Sq(1,0,4))22+(Sq
(23,1)+
Sq(17,3) + Sq(14,4) + Sq(11,5) + Sq(8,6) + Sq(7,4,1) + Sq(12,0,2) + Sq(9,1,2) +
Sq(0,4,2))23 + (Sq
25 + Sq(19,2) + Sq(10,5) + Sq(7,6) + Sq(1,8))24 + (Sq
(21,1) +
Sq(0,8) +Sq(17,0,1) +Sq(5,4,1) +Sq(2,5,1))25 + (Sq
18 +Sq(12,2) +Sq(0,6))26 +
(Sq17+Sq(11,2)+Sq(3,0,2))27+(Sq
16+Sq(4,4)+Sq(1,5))28+(Sq
14+Sq(8,2)+
Sq(0,0,2))29 + Sq
2210
34: d(313) = (Sq
32 +Sq(26,2) +Sq(20,4) +Sq(17,5) +Sq(11,7) +Sq(5,9) +Sq(2,10) +
Sq(18,0,2) +Sq(15,1,2) +Sq(9,3,2) +Sq(3,5,2) +Sq(0,6,2) +Sq(11,0,3) +Sq(8,1,3) +
Sq(5,2,3) + Sq(2,3,3) + Sq(4,0,4) + Sq(1,1,4))20 + (Sq
30 + Sq(24,2) + Sq(18,4) +
Sq(15,5) + Sq(9,7) + Sq(6,8) + Sq(3,9) + Sq(0,10) + Sq(23,0,1) + Sq(20,1,1) +
Sq(8,5,1)+Sq(2,7,1)+Sq(16,0,2)+Sq(10,2,2)+Sq(7,3,2)+Sq(12,1,0,1)+Sq(8,0,1,1))21+
(Sq(14,5) + Sq(5,8) + Sq(2,9) + Sq(15,0,2) + Sq(9,2,2) + Sq(6,3,2) + Sq(3,4,2) +
Sq(2,2,3)+Sq(1,0,4))22+(Sq
(17,3)+Sq(14,4)+Sq(13,2,1)+Sq(7,4,1)+Sq(4,5,1)+
Sq(12,0,2) + Sq(9,1,2) + Sq(0,4,2))23 + Sq
1211
36: d(314) = (Sq
(22,4) + Sq(13,7) + Sq(10,8) + Sq(1,11) + Sq(14,2,2) + Sq(11,3,2) +
Sq(10,1,3) + Sq(4,3,3) + Sq(6,0,4) + Sq(3,1,4))20 + (Sq
32 + Sq(20,4) + Sq(11,7) +
Sq(8,8) + Sq(5,9) + Sq(2,10) + Sq(22,1,1) + Sq(13,4,1) + Sq(10,5,1) + Sq(4,7,1) +
Sq(1,8,1)+Sq(12,2,2)+Sq(6,4,2)+Sq(0,6,2)+Sq(4,0,4)+Sq(17,0,0,1)+Sq(2,5,0,1))21+
(Sq(22,3) + Sq(16,5) + Sq(13,6) + Sq(7,8) + Sq(14,1,2) + Sq(8,3,2) + Sq(10,0,3) +
Sq(7,1,3) + Sq(4,2,3) + Sq(3,0,4))22 + (Sq
28 + Sq(25,1) + Sq(22,2) + Sq(16,4) +
Sq(4,8) + Sq(1,9) + Sq(15,2,1) + Sq(9,4,1) + Sq(6,5,1) + Sq(14,0,2) + Sq(8,2,2) +
Sq(0,0,4))23 + Sq
2724 + Sq
3211 + Sq
2212
37: d(315) = (Sq
(29,2) + Sq(23,4) + Sq(20,5) + Sq(17,6) + Sq(11,8) + Sq(5,10) +
Sq(18,1,2) +Sq(15,2,2) +Sq(9,4,2) +Sq(6,5,2) +Sq(3,6,2) +Sq(14,0,3) +Sq(5,3,3) +
Sq(7,0,4) + Sq(4,1,4) + Sq(2,1,0,2))20 + (Sq
33 + Sq(30,1) + Sq(21,4) + Sq(18,5) +
Sq(15,6) + Sq(12,7) + Sq(9,8) + Sq(0,11) + Sq(14,4,1) + Sq(8,6,1) + Sq(2,8,1) +
Sq(10,3,2) + Sq(1,6,2) + Sq(2,1,4) + Sq(0,6,0,1) + Sq(11,0,1,1) + Sq(3,0,0,2))21 +
(Sq32+Sq(23,3)+Sq(17,5)+Sq(14,6)+Sq(8,8)+Sq(5,9)+Sq(15,1,2)+Sq(12,2,2)+
Sq(9,3,2)+Sq(3,5,2)+Sq(0,6,2)+Sq(11,0,3)+Sq(8,1,3)+Sq(5,2,3)+Sq(4,0,4))22+
(Sq(23,2) +Sq(14,5) +Sq(2,9) +Sq(10,4,1) +Sq(7,5,1) +Sq(15,0,2) +Sq(12,1,2) +
Sq(1,0,4))23 + (Sq
(22,2) + Sq(19,3) + Sq(16,4) + Sq(10,6) + Sq(7,7) + Sq(4,8) +
Sq(1,9) +Sq(14,0,2) +Sq(11,1,2) +Sq(8,2,2) +Sq(2,4,2) +Sq(1,2,3) +Sq(0,0,4))24 +
(Sq(24,1)+Sq(15,4)+Sq(12,5)+Sq(9,6)+Sq(6,7)+Sq(3,8)+Sq(0,9)+Sq(20,0,1)+
Sq(8,4,1)+Sq(2,6,1)+Sq(12,0,0,1)+Sq(0,4,0,1))25+Sq
2126+Sq
4211+(Sq
(0,1))212+
Sq1213
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40: d(316) = (Sq
(29,3) + Sq(26,4) + Sq(20,6) + Sq(17,7) + Sq(5,11) + Sq(2,12) +
Sq(6,6,2) + Sq(3,7,2) + Sq(8,3,3) + Sq(2,5,3) + Sq(7,1,4) + Sq(4,2,4) + Sq(1,3,4) +
Sq(3,0,5) + Sq(0,1,5))20 + (Sq
36 + Sq(30,2) + Sq(15,7) + Sq(6,10) + Sq(8,7,1) +
Sq(2,9,1) + Sq(4,6,2) + Sq(21,0,0,1) + Sq(6,5,0,1) + Sq(14,0,1,1) + Sq(2,4,1,1))21 +
(Sq(26,3) + Sq(23,4) + Sq(14,7) + Sq(3,6,2) + Sq(0,7,2) + Sq(14,0,3) + Sq(8,2,3) +
Sq(2,4,3) + Sq(7,0,4) + Sq(4,1,4))22 + (Sq
32 + Sq(29,1) + Sq(8,8) + Sq(10,5,1) +
Sq(12,2,2)+Sq(6,4,2)+Sq(11,0,3)+Sq(3,0,2,1))23+(Sq
(22,3)+Sq(19,4)+Sq(16,5)+
Sq(10,7) + Sq(4,9) + Sq(11,2,2))24 + (Sq
30 + Sq(9,7) + Sq(6,8) + Sq(23,0,1) +
Sq(11,4,1) +Sq(5,6,1) +Sq(2,7,1) +Sq(15,0,0,1))25 +(Sq
24 +Sq(18,2) +Sq(6,6) +
Sq(0,8))26 + Sq
7211 + Sq
6212 + Sq
4213
41: d(317) = (Sq
(30,3) + Sq(21,6) + Sq(18,7) + Sq(12,9) + Sq(9,10) + Sq(25,0,2) +
Sq(19,2,2) +Sq(7,6,2) +Sq(4,7,2) +Sq(1,8,2) +Sq(15,1,3) +Sq(0,6,3) +Sq(5,2,4) +
Sq(2,3,4) + Sq(4,0,5) + Sq(9,0,0,2) + Sq(3,2,0,2) + Sq(2,0,1,2))20 + (Sq
(34,1) +
Sq(19,6) +Sq(16,7) +Sq(13,8) +Sq(27,1,1) +Sq(18,4,1) +Sq(9,7,1) +Sq(0,10,1) +
Sq(14,3,2)+Sq(11,4,2)+Sq(8,5,2)+Sq(2,7,2)+Sq(6,1,4)+Sq(0,3,4)+Sq(19,1,0,1)+
Sq(10,4,0,1) + Sq(7,5,0,1) + Sq(15,0,1,1))21 + (Sq
(30,2) + Sq(0,12) + Sq(19,1,2) +
Sq(16,2,2) +Sq(13,3,2) +Sq(4,6,2) +Sq(1,7,2) +Sq(15,0,3) +Sq(12,1,3) +Sq(9,2,3) +
Sq(0,2,0,2))22 + (Sq
33 + Sq(30,1) + Sq(21,4) + Sq(18,5) + Sq(3,10) + Sq(0,11) +
Sq(11,5,1) +Sq(13,2,2) +Sq(10,3,2) +Sq(3,0,0,2))23 +(Sq
32 +Sq(23,3) +Sq(20,4) +
Sq(14,6) + Sq(11,7) + Sq(8,8) + Sq(5,9) + Sq(18,0,2) + Sq(15,1,2) + Sq(12,2,2) +
Sq(6,4,2)+Sq(3,5,2)+Sq(0,6,2)+Sq(5,2,3)+Sq(2,3,3)+Sq(4,0,4)+Sq(2,0,0,2))24+
(Sq(19,4) + Sq(16,5) + Sq(13,6) + Sq(10,7) + Sq(4,9) + Sq(1,10) + Sq(24,0,1) +
Sq(12,4,1)+Sq(6,6,1)+Sq(3,7,1)+Sq(3,0,4)+Sq(0,1,4)+Sq(16,0,0,1)+Sq(4,4,0,1)+
Sq(0,0,0,0,1))25+(Sq
(19,2)+Sq(16,3)+Sq(7,6)+Sq(1,8))26+(Sq
(6,6)+Sq(0,8)+
Sq(3,0,3))27 + (Sq
(4,4,1) + Sq(1,5,1))28 + (Sq
(15,2) + Sq(12,3) + Sq(0,0,3))29 +
(Sq8 + Sq(2,2))211 + (Sq
7 + Sq(4,1) + Sq(0,0,1))212 + Sq
1214
42: d(318) = (Sq
40 +Sq(34,2) +Sq(31,3) +Sq(25,5) +Sq(22,6) +Sq(19,7) +Sq(16,8) +
Sq(10,10) +Sq(4,12) +Sq(1,13) +Sq(11,5,2) +Sq(8,6,2) +Sq(19,0,3) +Sq(13,2,3) +
Sq(10,3,3)+Sq(4,5,3)+Sq(1,6,3)+Sq(3,3,4)+Sq(0,4,4)+Sq(10,0,0,2)+Sq(1,3,0,2)+
Sq(0,1,1,2))20 + (Sq
38 + Sq(35,1) + Sq(23,5) + Sq(20,6) + Sq(17,7) + Sq(14,8) +
Sq(5,11)+Sq(28,1,1)+Sq(13,6,1)+Sq(10,7,1)+Sq(24,0,2)+Sq(12,4,2)+Sq(10,0,4)+
Sq(7,1,4)+Sq(1,3,4)+Sq(3,0,5)+Sq(23,0,0,1)+Sq(8,5,0,1)+Sq(5,6,0,1)+Sq(16,0,1,1)+
Sq(1,5,1,1) + Sq(8,0,0,2) + Sq(2,2,0,2) + Sq(4,1,0,0,1))21 + (Sq
(28,3) + Sq(25,4) +
Sq(22,5) +Sq(19,6) +Sq(10,9) +Sq(17,2,2) +Sq(11,4,2) +Sq(10,2,3) +Sq(4,4,3) +
Sq(1,5,3)+Sq(3,2,4)+Sq(2,0,5)+Sq(7,0,0,2)+Sq(1,2,0,2)+Sq(0,0,1,2))22+(Sq
34+
Sq(28,2) + Sq(22,4) + Sq(19,5) + Sq(16,6) + Sq(10,8) + Sq(1,11) + Sq(15,4,1) +
Sq(3,8,1)+Sq(0,9,1)+Sq(14,2,2)+Sq(11,3,2)+Sq(8,4,2)+Sq(0,2,4)+Sq(4,0,0,2))23+
(Sq33 + Sq(15,6) + Sq(9,8) + Sq(19,0,2) + Sq(13,2,2))24 + (Sq
32 + Sq(29,1) +
Sq(17,5) +Sq(11,7) +Sq(8,8) +Sq(25,0,1) +Sq(13,4,1) +Sq(17,0,0,1))25 +(Sq
26 +
Sq(20,2))26 +(Sq
25 +Sq(13,4) +Sq(4,7) +Sq(11,0,2) +Sq(5,2,2) +Sq(2,3,2))27 +
(Sq24 +Sq(12,4) +Sq(9,5) +Sq(6,6) +Sq(3,7) +Sq(0,8) +Sq(17,0,1) +Sq(5,4,1) +
Sq(2,5,1))28+(Sq
(16,2)+Sq(13,3)+Sq(8,0,2))29+Sq
10210+(Sq
9+Sq(3,2))211+
(Sq8 + Sq(5,1))212 + (Sq
(0,2))213 + Sq
2214
44: d(319) = (Sq
(24,6) + Sq(15,9) + Sq(12,10) + Sq(9,11) + Sq(0,14) + Sq(25,1,2) +
Sq(13,5,2) +Sq(10,6,2) +Sq(21,0,3) +Sq(18,1,3) +Sq(9,4,3) +Sq(0,7,3) +Sq(2,4,4) +
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Sq(1,2,5) + Sq(9,1,0,2) + Sq(6,2,0,2) + Sq(3,3,0,2) + Sq(2,1,1,2))20 + (Sq
(28,4) +
Sq(1,13)+Sq(33,0,1)+Sq(30,1,1)+Sq(18,5,1)+Sq(6,9,1)+Sq(3,10,1)+Sq(0,11,1)+
Sq(20,2,2) +Sq(17,3,2) +Sq(14,4,2) +Sq(8,6,2) +Sq(5,7,2) +Sq(2,8,2) +Sq(12,0,4) +
Sq(9,1,4) + Sq(4,7,0,1) + Sq(18,0,1,1) + Sq(6,4,1,1) + Sq(10,0,0,2) + Sq(4,2,0,2) +
Sq(9,0,0,0,1))21 + (Sq
39 +Sq(30,3) +Sq(27,4) +Sq(21,6) +Sq(18,7) +Sq(15,8) +
Sq(12,9) +Sq(6,11) +Sq(4,7,2) +Sq(12,2,3) +Sq(9,3,3) +Sq(0,6,3) +Sq(6,1,0,2) +
Sq(3,2,0,2))22+(Sq
(33,1)+Sq(30,2)+Sq(21,5)+Sq(3,11)+Sq(23,2,1)+Sq(17,4,1)+
Sq(2,9,1)+Sq(22,0,2)+Sq(13,3,2)+Sq(15,0,3)+Sq(9,2,3)+Sq(5,1,4)+Sq(0,2,0,2))23+
(Sq(23,4) + Sq(17,6) + Sq(11,8) + Sq(8,9) + Sq(5,10) + Sq(2,11) + Sq(15,2,2) +
Sq(4,1,4))24 + (Sq
(22,4) +Sq(16,6) +Sq(13,7) +Sq(7,9) +Sq(4,10) +Sq(27,0,1) +
Sq(15,4,1) +Sq(12,5,1) +Sq(6,7,1) +Sq(6,0,4) +Sq(19,0,0,1))25 +(Sq
28 +Sq(4,8) +
Sq(0,0,4))26 + (Sq
27 +Sq(12,5))27 + (Sq
26 +Sq(23,1) +Sq(14,4))28 +Sq
2429 +
(Sq12 + Sq(0,4))210
12.4. Homological degree 4. Complete through degree t = 44.
4: d(40) = Sq
130
11: d(41) = Sq
830 + (Sq
5 + Sq(2,1))31 + Sq
132
13: d(42) = (Sq
10 + Sq(4,2))30 + (Sq
7 + Sq(1,2) + Sq(0,0,1))31 + Sq
233
18: d(43) = (Sq
15 +Sq(9,2) +Sq(6,3) +Sq(0,5))30 +(Sq
(9,1) +Sq(6,2))31 +(Sq
7 +
Sq(4,1) + Sq(0,0,1))33 + Sq
(3,1)34
19: d(44) = (Sq
16 + Sq(7,3) + Sq(4,4) + Sq(1,5))30 + (Sq
13 + Sq(10,1) + Sq(7,2) +
Sq(4,3) + Sq(1,4) + Sq(6,0,1) + Sq(0,2,1))31 + Sq
136
21: d(45) = (Sq
(9,3)+Sq(4,0,2))30+(Sq
(12,1)+Sq(1,0,2)+Sq(0,0,0,1))31+Sq
1132+
(Sq10 + Sq(7,1))33 + (Sq
(6,1) + Sq(3,2) + Sq(0,3) + Sq(2,0,1))34 + Sq
(1,1)35
22: d(46) = (Sq
(10,3) + Sq(4,5) + Sq(1,6) + Sq(5,0,2))30 + (Sq
(7,3) + Sq(4,4) +
Sq(9,0,1)+Sq(6,1,1)+Sq(3,2,1)+Sq(1,0,0,1))31+Sq
1232+(Sq
11+Sq(4,0,1))33+
(Sq(7,1) + Sq(0,1,1))34 + (Sq
5 + Sq(2,1))35
22: d(47) = (Sq
19 +Sq(13,2) +Sq(10,3) +Sq(7,4) +Sq(5,0,2) +Sq(2,1,2))30 +(Sq
16 +
Sq(4,4) + Sq(9,0,1) + Sq(1,0,0,1))31 + (Sq
12 + Sq(6,2) + Sq(3,3) + Sq(0,4))32 +
Sq(4,0,1)33 + (Sq
10 +Sq(4,2) +Sq(1,3) +Sq(0,1,1))34 +Sq
436 +Sq
237 +Sq
138
24: d(48) = (Sq
(3,6) + Sq(0,7) + Sq(4,1,2))30 + (Sq
(3,5) + Sq(0,6) + Sq(11,0,1) +
Sq(8,1,1)+Sq(5,2,1)+Sq(1,1,2)+Sq(0,1,0,1))31+(Sq
(8,2)+Sq(5,3))32+Sq
(10,1)33+
(Sq(6,2) + Sq(5,0,1))34 + (Sq
(1,2) + Sq(0,0,1))35
26: d(49) = (Sq
(14,3) + Sq(8,5) + Sq(5,6) + Sq(2,7) + Sq(9,0,2) + Sq(2,0,3))30 +
(Sq(8,4) + Sq(5,5) + Sq(2,6) + Sq(13,0,1) + Sq(7,2,1) + Sq(1,4,1) + Sq(3,1,2) +
Sq(5,0,0,1))31 +(Sq
(10,2) +Sq(4,4) +Sq(1,5) +Sq(2,0,2))32 +(Sq
15 +Sq(12,1) +
Sq(3,4))33 + (Sq
(11,1) + Sq(8,2) + Sq(2,4) + Sq(0,0,2))34 + (Sq
9 + Sq(6,1) +
Sq(0,3))35 + (Sq
4 + Sq(1,1))39
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27: d(410) = (Sq
(18,2) + Sq(9,5) + Sq(0,8) + Sq(10,0,2) + Sq(7,1,2) + Sq(4,2,2) +
Sq(1,3,2))30 + (Sq
(15,2) +Sq(9,4) +Sq(0,7) +Sq(8,2,1) +Sq(2,4,1) +Sq(7,0,2) +
Sq(4,1,2)+Sq(1,2,2)+Sq(0,0,3)+Sq(6,0,0,1)+Sq(0,2,0,1))31+(Sq
(11,2)+Sq(5,4))32+
(Sq16 +Sq(4,4))33 +(Sq
15 +Sq(9,2) +Sq(6,3) +Sq(3,4) +Sq(5,1,1) +Sq(1,0,2) +
Sq(0,0,0,1))34 +Sq
1035 +(Sq
9 +Sq(3,2))36 +Sq
(0,0,1)37 +Sq
638 +Sq
(2,1)39 +
(Sq3 + Sq(0,1))310
34: d(411) = (Sq
31 + Sq(25,2) + Sq(13,6) + Sq(10,7) + Sq(17,0,2) + Sq(14,1,2) +
Sq(11,2,2)+Sq(8,3,2)+Sq(4,2,3)+Sq(1,3,3)+Sq(3,0,4)+Sq(0,1,4))30+(Sq
(10,6)+
Sq(1,9) + Sq(9,4,1) + Sq(3,6,1) + Sq(14,0,2) + Sq(11,1,2) + Sq(8,2,2) + Sq(5,3,2) +
Sq(7,0,3) + Sq(1,2,3) + Sq(13,0,0,1) + Sq(10,1,0,1) + Sq(1,4,0,1))31 + (Sq
(12,4) +
Sq(9,5) + Sq(6,6) + Sq(0,8) + Sq(10,0,2) + Sq(4,2,2))32 + (Sq
(11,4) + Sq(8,5) +
Sq(4,4,1))33 +(Sq
(4,6) +Sq(1,7) +Sq(12,1,1) +Sq(0,5,1) +Sq(8,0,2) +Sq(1,0,3) +
Sq(7,0,0,1) +Sq(4,1,0,1))34 +(Sq
17 +Sq(14,1) +Sq(8,3) +Sq(5,4) +Sq(0,1,2))35 +
(Sq16 +Sq(10,2) +Sq(7,3) +Sq(4,4) +Sq(1,5) +Sq(2,0,2))36 +(Sq
14 +Sq(11,1) +
Sq(8,2) + Sq(2,4) + Sq(7,0,1) + Sq(4,1,1) + Sq(0,0,2))37 + (Sq
12 + Sq(9,1) +
Sq(0,4))39 + Sq
1311
35: d(412) = (Sq
32+Sq(23,3)+Sq(20,4)+Sq(17,5)+Sq(11,7)+Sq(8,8)+Sq(15,1,2)+
Sq(12,2,2) +Sq(3,5,2) +Sq(0,6,2) +Sq(11,0,3) +Sq(5,2,3) +Sq(2,3,3) +Sq(4,0,4) +
Sq(1,1,4))30 + (Sq
29 + Sq(26,1) + Sq(23,2) + Sq(20,3) + Sq(17,4) + Sq(14,5) +
Sq(11,6) + Sq(8,7) + Sq(2,9) + Sq(22,0,1) + Sq(16,2,1) + Sq(10,4,1) + Sq(4,6,1) +
Sq(1,7,1) +Sq(15,0,2) +Sq(12,1,2) +Sq(9,2,2) +Sq(6,3,2) +Sq(3,4,2) +Sq(0,5,2) +
Sq(8,0,3)+Sq(2,2,3)+Sq(1,0,4)+Sq(14,0,0,1)+Sq(8,2,0,1)+Sq(2,4,0,1)+Sq(7,0,1,1)+
Sq(4,1,1,1)+Sq(0,0,2,1))31+(Sq
(10,5)+Sq(7,6)+Sq(1,8)+Sq(11,0,2)+Sq(5,2,2)+
Sq(2,3,2) +Sq(1,1,3))32 +Sq
(5,4,1)33 +(Sq
(14,3) +Sq(11,4) +Sq(5,6) +Sq(2,7) +
Sq(13,1,1)+Sq(1,5,1)+Sq(9,0,2)+Sq(6,1,2)+Sq(3,2,2)+Sq(5,1,0,1)+Sq(1,0,1,1))34+
Sq(15,1)35 + Sq
1313
36: d(413) = (Sq
(9,8) +Sq(19,0,2) +Sq(16,1,2) +Sq(13,2,2) +Sq(10,3,2) +Sq(1,6,2) +
Sq(12,0,3) +Sq(9,1,3) +Sq(0,4,3))30 +(Sq
(27,1) +Sq(21,3) +Sq(9,7) +Sq(23,0,1) +
Sq(20,1,1) +Sq(5,6,1) +Sq(10,2,2) +Sq(1,5,2) +Sq(9,0,3) +Sq(3,2,3) +Sq(2,0,4) +
Sq(15,0,0,1) +Sq(3,4,0,1) +Sq(8,0,1,1))31 +(Sq
26 +Sq(17,3) +Sq(11,5) +Sq(8,6) +
Sq(5,7) +Sq(2,8) +Sq(12,0,2) +Sq(6,2,2) +Sq(2,1,3))32 + (Sq
(22,1) +Sq(13,4) +
Sq(10,5) +Sq(7,6) +Sq(4,7) +Sq(18,0,1) +Sq(6,4,1) +Sq(3,5,1) +Sq(0,6,1))33 +
(Sq(21,1) + Sq(18,2) + Sq(15,3) + Sq(12,4) + Sq(14,1,1) + Sq(5,4,1) + Sq(1,3,2) +
Sq(9,0,0,1) + Sq(3,2,0,1))34 + (Sq
19 + Sq(16,1) + Sq(13,2) + Sq(10,3) + Sq(4,5) +
Sq(1,6)+Sq(5,0,2))35+(Sq
(6,4)+Sq(3,5)+Sq(1,1,2))36+(Sq
(1,5)+Sq(2,0,2))37+
(Sq(6,3)+Sq(3,4)+Sq(0,5))38+(Sq
14+Sq(11,1)+Sq(8,2)+Sq(1,2,1)+Sq(0,0,2))39+
Sq(6,2)310
37: d(414) = (Sq
(25,3) +Sq(10,8) +Sq(1,11) +Sq(17,1,2) +Sq(14,2,2) +Sq(13,0,3) +
Sq(7,2,3) +Sq(4,3,3) +Sq(1,4,3))30 + (Sq
31 +Sq(28,1) +Sq(21,1,1) +Sq(6,6,1) +
Sq(8,3,2) +Sq(2,5,2) +Sq(10,0,3) +Sq(4,2,3) +Sq(1,3,3) +Sq(0,1,4) +Sq(10,2,0,1) +
Sq(9,0,1,1) + Sq(6,1,1,1))31 + (Sq
27 + Sq(18,3) + Sq(15,4) + Sq(12,5) + Sq(9,6) +
Sq(0,9)+Sq(13,0,2)+Sq(10,1,2)+Sq(7,2,2)+Sq(4,3,2)+Sq(1,4,2))32+(Sq
(23,1)+
Sq(14,4) + Sq(11,5) + Sq(7,4,1))33 + (Sq
(22,1) + Sq(16,3) + Sq(13,4) + Sq(4,7) +
Sq(1,8) + Sq(12,2,1) + Sq(6,4,1) + Sq(3,5,1) + Sq(11,0,2) + Sq(8,1,2) + Sq(5,2,2) +
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Sq(2,3,2) +Sq(10,0,0,1))34 + (Sq
(14,2) +Sq(8,4) +Sq(5,5) +Sq(2,6) +Sq(6,0,2) +
Sq(0,2,2))35 + (Sq
19 +Sq(4,5))36 + (Sq
17 +Sq(5,4) +Sq(7,1,1) +Sq(3,0,2))37 +
(Sq(7,3) +Sq(1,5))38 +(Sq
(12,1) +Sq(9,2) +Sq(8,0,1) +Sq(0,0,0,1))39 +(Sq
13 +
Sq(4,3) + Sq(1,4))310 + Sq
3312
38: d(415) = (Sq
(29,2) + Sq(14,7) + Sq(8,9) + Sq(5,10) + Sq(18,1,2) + Sq(12,3,2) +
Sq(6,5,2) + Sq(0,7,2) + Sq(8,2,3) + Sq(2,4,3) + Sq(7,0,4) + Sq(4,1,4) + Sq(0,0,5) +
Sq(2,1,0,2))30 + (Sq
32 + Sq(29,1) + Sq(20,4) + Sq(14,6) + Sq(11,7) + Sq(8,8) +
Sq(5,9) +Sq(2,10) +Sq(25,0,1) +Sq(19,2,1) +Sq(13,4,1) +Sq(10,5,1) +Sq(7,6,1) +
Sq(4,7,1) +Sq(12,2,2) +Sq(9,3,2) +Sq(3,5,2) +Sq(0,6,2) +Sq(11,0,3) +Sq(2,3,3) +
Sq(4,0,4) + Sq(14,1,0,1) + Sq(11,2,0,1) + Sq(5,4,0,1) + Sq(2,5,0,1))31 + (Sq
28 +
Sq(22,2) + Sq(19,3) + Sq(16,4) + Sq(7,7) + Sq(5,3,2) + Sq(2,4,2) + Sq(4,1,3) +
Sq(0,0,4))32 + (Sq
(24,1) + Sq(9,6) + Sq(6,7) + Sq(3,8) + Sq(20,0,1) + Sq(8,4,1) +
Sq(5,5,1) +Sq(12,0,0,1) +Sq(0,4,0,1))33 +(Sq
26 +Sq(23,1) +Sq(20,2) +Sq(17,3) +
Sq(5,7) + Sq(2,8) + Sq(13,2,1) + Sq(7,4,1) + Sq(4,5,1) + Sq(1,6,1) + Sq(6,2,2) +
Sq(0,4,2)+Sq(2,1,3)+Sq(11,0,0,1)+Sq(8,1,0,1)+Sq(4,0,1,1))34+(Sq
21+Sq(18,1))35+
Sq4313 + Sq
2314 + Sq
1315
42: d(416) = (Sq
(30,3) + Sq(27,4) + Sq(21,6) + Sq(18,7) + Sq(12,9) + Sq(9,10) +
Sq(0,13) +Sq(16,3,2) +Sq(4,7,2) +Sq(1,8,2) +Sq(9,3,3) +Sq(6,4,3) +Sq(2,3,4))30 +
(Sq(18,6) +Sq(15,7) +Sq(9,9) +Sq(3,11) +Sq(17,4,1) +Sq(14,5,1) +Sq(11,6,1) +
Sq(5,8,1) +Sq(13,3,2) +Sq(10,4,2) +Sq(7,5,2) +Sq(15,0,3) +Sq(12,1,3) +Sq(6,3,3) +
Sq(8,0,4) + Sq(5,1,4) + Sq(2,2,4) + Sq(21,0,0,1) + Sq(18,1,0,1) + Sq(15,2,0,1) +
Sq(6,5,0,1) + Sq(3,6,0,1) + Sq(2,4,1,1))31 + (Sq
(23,3) + Sq(20,4) + Sq(17,5) +
Sq(14,6) +Sq(11,7) +Sq(2,10) +Sq(18,0,2) +Sq(15,1,2) +Sq(3,5,2) +Sq(8,1,3))32 +
(Sq(28,1) +Sq(19,4) +Sq(7,8) +Sq(4,9) +Sq(12,4,1) +Sq(9,5,1) +Sq(6,6,1))33 +
(Sq30 +Sq(24,2) +Sq(21,3) +Sq(18,4) +Sq(15,5) +Sq(12,6) +Sq(9,7) +Sq(6,8) +
Sq(3,9) +Sq(23,0,1) +Sq(11,4,1) +Sq(5,6,1) +Sq(2,7,1) +Sq(16,0,2) +Sq(10,2,2) +
Sq(7,3,2) + Sq(15,0,0,1) + Sq(3,4,0,1) + Sq(0,5,0,1))34 + (Sq
(22,1) + Sq(19,2) +
Sq(16,3) + Sq(13,4) + Sq(8,1,2) + Sq(5,2,2))35 + (Sq
24 + Sq(18,2) + Sq(15,3) +
Sq(12,4) + Sq(9,5) + Sq(6,6) + Sq(10,0,2) + Sq(1,3,2))36 + (Sq
22 + Sq(19,1) +
Sq(10,4) + Sq(7,5) + Sq(4,6) + Sq(1,7) + Sq(15,0,1) + Sq(8,0,2) + Sq(7,0,0,1) +
Sq(4,1,0,1))37 +(Sq
(15,2) +Sq(9,4) +Sq(6,5) +Sq(3,6) +Sq(7,0,2) +Sq(1,2,2))38 +
(Sq(14,2) + Sq(8,4) + Sq(0,2,2))39 + (Sq
(15,1) + Sq(12,2) + Sq(6,4) + Sq(0,6) +
Sq(4,0,2) +Sq(1,1,2))310 + (Sq
9 +Sq(3,2) +Sq(0,3))311 + (Sq
(5,1) +Sq(2,2))312
42: d(417) = (Sq
39 +Sq(27,4) +Sq(24,5) +Sq(18,7) +Sq(12,9) +Sq(9,10) +Sq(0,13) +
Sq(16,3,2) +Sq(13,4,2) +Sq(10,5,2) +Sq(7,6,2) +Sq(1,8,2) +Sq(12,2,3) +Sq(9,3,3) +
Sq(6,4,3)+Sq(11,0,4)+Sq(2,3,4)+Sq(9,0,0,2)+Sq(6,1,0,2)+Sq(3,2,0,2)+Sq(0,3,0,2)+
Sq(2,0,1,2))30 +(Sq
(33,1) +Sq(27,3) +Sq(12,8) +Sq(3,11) +Sq(0,12) +Sq(26,1,1) +
Sq(23,2,1)+Sq(14,5,1)+Sq(8,7,1)+Sq(22,0,2)+Sq(10,4,2)+Sq(1,7,2)+Sq(12,1,3)+
Sq(0,5,3) + Sq(5,1,4) + Sq(1,0,5) + Sq(21,0,0,1) + Sq(18,1,0,1) + Sq(15,2,0,1) +
Sq(0,7,0,1) + Sq(2,4,1,1) + Sq(7,0,2,1) + Sq(1,2,2,1) + Sq(6,0,0,2) + Sq(3,1,0,2) +
Sq(5,0,0,0,1))31 +(Sq
32 +Sq(14,6) +Sq(2,10) +Sq(9,3,2) +Sq(11,0,3) +Sq(8,1,3) +
Sq(1,1,4))32 + (Sq
31 + Sq(28,1) + Sq(19,4) + Sq(16,5) + Sq(7,8) + Sq(1,10) +
Sq(24,0,1)+Sq(12,4,1)+Sq(9,5,1)+Sq(3,0,4)+Sq(0,1,4)+Sq(16,0,0,1)+Sq(0,0,0,0,1))33+
(Sq(21,3) + Sq(15,5) + Sq(9,7) + Sq(3,9) + Sq(20,1,1) + Sq(8,5,1) + Sq(5,6,1) +
Sq(10,2,2) + Sq(7,3,2) + Sq(1,5,2) + Sq(3,2,3) + Sq(15,0,0,1) + Sq(5,1,1,1))34 +
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(Sq(16,3) + Sq(7,6) + Sq(1,8) + Sq(18,0,1))35 + (Sq
24 + Sq(18,2) + Sq(15,3) +
Sq(12,4) + Sq(9,5) + Sq(6,6) + Sq(0,8) + Sq(10,0,2) + Sq(7,1,2) + Sq(4,2,2) +
Sq(3,0,3) + Sq(0,1,3))36 + (Sq
22 + Sq(19,1) + Sq(16,2) + Sq(10,4) + Sq(4,6) +
Sq(15,0,1) +Sq(12,1,1) +Sq(3,4,1) +Sq(0,5,1) +Sq(8,0,2) +Sq(2,2,2) +Sq(4,1,0,1) +
Sq(0,0,1,1))37 + Sq
(9,4)38 + Sq
(17,1)39 + (Sq
(15,1) + Sq(1,1,2))310 + (Sq
9 +
Sq(3,2))311+(Sq
(5,1)+Sq(1,0,1))312+(Sq
8+Sq(2,2))313+(Sq
6+Sq(0,2))314+
Sq1317
43: d(418) = (Sq
40+Sq(31,3)+Sq(28,4)+Sq(25,5)+Sq(13,9)+Sq(1,13)+Sq(26,0,2)+
Sq(20,2,2) +Sq(11,5,2) +Sq(8,6,2) +Sq(5,7,2) +Sq(2,8,2) +Sq(19,0,3) +Sq(10,3,3) +
Sq(4,5,3)+Sq(1,6,3)+Sq(6,2,4)+Sq(0,4,4)+Sq(10,0,0,2)+Sq(7,1,0,2)+Sq(1,3,0,2)+
Sq(3,0,1,2))30 + (Sq
37 + Sq(34,1) + Sq(31,2) + Sq(28,3) + Sq(25,4) + Sq(19,6) +
Sq(16,7) + Sq(13,8) + Sq(7,10) + Sq(1,12) + Sq(30,0,1) + Sq(18,4,1) + Sq(9,7,1) +
Sq(3,9,1) +Sq(0,10,1) +Sq(20,1,2) +Sq(17,2,2) +Sq(14,3,2) +Sq(5,6,2) +Sq(2,7,2) +
Sq(16,0,3)+Sq(10,2,3)+Sq(7,3,3)+Sq(4,4,3)+Sq(0,3,4)+Sq(22,0,0,1)+Sq(16,2,0,1)+
Sq(4,6,0,1) + Sq(1,7,0,1) + Sq(12,1,1,1) + Sq(8,0,2,1) + Sq(2,2,2,1) + Sq(7,0,0,2) +
Sq(4,1,0,2)+Sq(6,0,0,0,1))31+(Sq
33+Sq(27,2)+Sq(3,10)+Sq(0,11)+Sq(19,0,2)+
Sq(10,3,2)+Sq(12,0,3)+Sq(9,1,3)+Sq(6,2,3)+Sq(2,1,4)+Sq(3,0,0,2))32+(Sq
32+
Sq(20,4)+Sq(17,5)+Sq(8,8)+Sq(2,10)+Sq(4,0,4)+Sq(17,0,0,1)+Sq(5,4,0,1))33+
(Sq31+Sq(13,6)+Sq(10,7)+Sq(4,9)+Sq(18,2,1)+Sq(9,5,1)+Sq(6,6,1)+Sq(3,7,1)+
Sq(14,1,2) + Sq(11,2,2) + Sq(2,5,2) + Sq(10,0,3) + Sq(16,0,0,1) + Sq(10,2,0,1) +
Sq(1,5,0,1) +Sq(2,0,2,1) +Sq(0,0,0,0,1))34 +(Sq
26 +Sq(17,3) +Sq(5,7) +Sq(2,8) +
Sq(9,1,2)+Sq(6,2,2))35+(Sq
21+Sq(12,3)+Sq(9,4)+Sq(14,0,1)+Sq(0,2,0,1))39+
(Sq9 + Sq(3,2))313 + Sq
(0,0,1)314 + Sq
6315 + (Sq
3 + Sq(0,1))316
44: d(419) = (Sq
41 +Sq(29,4) +Sq(26,5) +Sq(20,7) +Sq(17,8) +Sq(8,11) +Sq(2,13) +
Sq(27,0,2) +Sq(24,1,2) +Sq(0,9,2) +Sq(20,0,3) +Sq(11,3,3) +Sq(5,5,3) +Sq(2,6,3) +
Sq(13,0,4) + Sq(4,3,4) + Sq(3,1,5) + Sq(0,2,5) + Sq(11,0,0,2) + Sq(2,3,0,2))30 +
(Sq(35,1) +Sq(29,3) +Sq(20,6) +Sq(11,9) +Sq(28,1,1) +Sq(13,6,1) +Sq(1,10,1) +
Sq(15,3,2) +Sq(6,6,2) +Sq(14,1,3) +Sq(8,3,3) +Sq(5,4,3) +Sq(2,5,3) +Sq(4,2,4) +
Sq(23,0,0,1) +Sq(17,2,0,1) +Sq(5,6,0,1) +Sq(16,0,1,1) +Sq(4,4,1,1) +Sq(9,0,2,1) +
Sq(3,2,2,1) + Sq(7,0,0,0,1) + Sq(4,1,0,0,1))31 + (Sq
(28,2) + Sq(4,10) + Sq(8,4,2) +
Sq(2,6,2) +Sq(13,0,3) +Sq(7,2,3) +Sq(1,4,3))32 +(Sq
(30,1) +Sq(21,4) +Sq(15,6) +
Sq(12,7)+Sq(3,10)+Sq(0,11)+Sq(5,7,1)+Sq(5,0,4)+Sq(18,0,0,1)+Sq(6,4,0,1))33+
(Sq(23,3) + Sq(14,6) + Sq(8,8) + Sq(13,4,1) + Sq(10,5,1) + Sq(7,6,1) + Sq(4,7,1) +
Sq(6,4,2) +Sq(11,0,3) +Sq(17,0,0,1) +Sq(14,1,0,1) +Sq(5,4,0,1) +Sq(1,0,0,0,1))34 +
(Sq27+Sq(24,1)+Sq(21,2)+Sq(18,3)+Sq(15,4)+Sq(3,8)+Sq(13,0,2)+Sq(7,2,2)+
Sq(1,4,2) +Sq(6,0,3) +Sq(3,1,3))35 +(Sq
26 +Sq(20,2) +Sq(14,4) +Sq(3,3,2))36 +
(Sq24 + Sq(6,6) + Sq(3,7) + Sq(17,0,1) + Sq(2,5,1) + Sq(4,2,2) + Sq(9,0,0,1))37 +
(Sq23+Sq(11,4)+Sq(3,2,2))38+(Sq
(19,1)+Sq(15,0,1)+Sq(8,0,2)+Sq(1,0,3))39+
(Sq(17,1) + Sq(14,2) + Sq(5,5) + Sq(3,1,2) + Sq(0,2,2))310 + (Sq
11 + Sq(5,2) +
Sq(2,3))311 + (Sq
10 + Sq(7,1) + Sq(4,2))312
44: d(420) = (Sq
(29,4) + Sq(23,6) + Sq(20,7) + Sq(17,8) + Sq(11,10) + Sq(8,11) +
Sq(5,12) +Sq(27,0,2) +Sq(24,1,2) +Sq(9,6,2) +Sq(6,7,2) +Sq(0,9,2) +Sq(17,1,3) +
Sq(11,3,3) +Sq(13,0,4) +Sq(7,2,4) +Sq(4,3,4) +Sq(1,4,4) +Sq(6,0,5) +Sq(3,1,5) +
Sq(0,2,5) + Sq(11,0,0,2) + Sq(8,1,0,2) + Sq(1,1,1,2))30 + (Sq
(29,3) + Sq(17,7) +
Sq(14,8) +Sq(11,9) +Sq(31,0,1) +Sq(28,1,1) +Sq(19,4,1) +Sq(16,5,1) +Sq(10,7,1) +
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Sq(7,8,1) +Sq(1,10,1) +Sq(15,3,2) +Sq(6,6,2) +Sq(17,0,3) +Sq(14,1,3) +Sq(2,5,3) +
Sq(10,0,4) + Sq(7,1,4) + Sq(0,1,5) + Sq(23,0,0,1) + Sq(20,1,0,1) + Sq(17,2,0,1) +
Sq(11,4,0,1) + Sq(8,5,0,1) + Sq(5,6,0,1) + Sq(13,1,1,1) + Sq(4,4,1,1) + Sq(1,5,1,1) +
Sq(0,3,2,1) + Sq(7,0,0,0,1) + Sq(4,1,0,0,1))31 + (Sq
34 + Sq(28,2) + Sq(25,3) +
Sq(19,5) + Sq(13,7) + Sq(7,9) + Sq(1,11) + Sq(17,1,2) + Sq(5,5,2) + Sq(10,1,3) +
Sq(3,1,4) +Sq(0,2,4) +Sq(1,1,0,2))32 +(Sq
(30,1) +Sq(21,4) +Sq(18,5) +Sq(12,7) +
Sq(9,8) + Sq(0,11) + Sq(11,5,1) + Sq(8,6,1) + Sq(2,8,1) + Sq(2,1,4) + Sq(6,4,0,1) +
Sq(0,6,0,1))33 + (Sq
32 + Sq(29,1) + Sq(26,2) + Sq(23,3) + Sq(17,5) + Sq(11,7) +
Sq(8,8) +Sq(2,10) +Sq(19,2,1) +Sq(13,4,1) +Sq(7,6,1) +Sq(4,7,1) +Sq(18,0,2) +
Sq(12,2,2) +Sq(9,3,2) +Sq(6,4,2) +Sq(8,1,3) +Sq(2,3,3) +Sq(1,1,4) +Sq(17,0,0,1) +
Sq(11,2,0,1)+Sq(10,0,1,1)+Sq(2,0,0,2))34+(Sq
27+Sq(21,2)+Sq(18,3)+Sq(12,5)+
Sq(9,6) + Sq(0,9) + Sq(20,0,1) + Sq(2,6,1) + Sq(13,0,2) + Sq(10,1,2) + Sq(7,2,2) +
Sq(1,4,2) +Sq(6,0,3))35 + (Sq
26 +Sq(17,3) +Sq(14,4) +Sq(5,7) +Sq(3,3,2))36 +
(Sq24+Sq(21,1)+Sq(18,2)+Sq(12,4)+Sq(0,8)+Sq(14,1,1)+Sq(5,4,1)+Sq(2,5,1)+
Sq(4,2,2)+Sq(9,0,0,1))37+(Sq
(11,4)+Sq(5,6)+Sq(2,7)+Sq(3,2,2)+Sq(2,0,3))38+
(Sq22 + Sq(19,1) + Sq(13,3) + Sq(10,4) + Sq(15,0,1) + Sq(9,2,1) + Sq(8,0,2) +
Sq(1,0,3))39 + (Sq
20 +Sq(8,4) +Sq(2,6) +Sq(1,4,1) +Sq(0,2,2))310 +Sq
11311 +
Sq10313 + (Sq
8 + Sq(1,0,1))314 + Sq
4316 + Sq
3317 + Sq
2318
12.5. Homological degree 5. Complete through degree t = 44.
5: d(50) = Sq
140
14: d(51) = Sq
1040 + (Sq
3 + Sq(0,1))41
16: d(52) = Sq
1240 + (Sq
5 + Sq(2,1))41 + Sq
342
19: d(53) = (Sq
(9,2) +Sq(6,3) +Sq(3,4))40 +Sq
(5,1)41 +(Sq
6 +Sq(0,2))42 +Sq
143
20: d(54) = (Sq
(10,2) + Sq(4,4))40 + (Sq
9 + Sq(6,1))41 + Sq
(0,0,1)42 + Sq
243
20: d(55) = Sq
1640 + (Sq
9 + Sq(6,1))41 + Sq
144
22: d(56) = (Sq
(9,3) +Sq(6,4) +Sq(3,5) +Sq(0,6))40 +(Sq
9 +Sq(6,1))42 +Sq
443 +
Sq145
23: d(57) = Sq
(13,2)40+Sq
1241+(Sq
10+Sq(7,1)+Sq(4,2)+Sq(0,1,1))42+Sq
245+
Sq146
25: d(58) = (Sq
(12,3) + Sq(9,4) + Sq(6,5) + Sq(3,6) + Sq(0,7))40 + Sq
(11,1)41 +
Sq1242 + Sq
743 + Sq
445 + Sq
346 + Sq
148
26: d(59) = (Sq
(13,3) + Sq(4,6))40 + (Sq
15 + Sq(12,1))41 + (Sq
13 + Sq(7,2) +
Sq(6,0,1))42 + Sq
446 + Sq
248
28: d(510) = (Sq
(0,8) + Sq(10,0,2) + Sq(4,2,2))40 + (Sq
17 + Sq(11,2) + Sq(8,3) +
Sq(5,4))41 + (Sq
15 +Sq(12,1) +Sq(8,0,1) +Sq(5,1,1) +Sq(0,0,0,1))42 +Sq
1043 +
Sq944 + Sq
(0,2)46 + Sq
(3,1)47 + Sq
448
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29: d(511) = (Sq
25 + Sq(13,4) + Sq(10,5) + Sq(1,8) + Sq(4,0,3))40 + (Sq
(15,1) +
Sq(12,2)+Sq(9,3)+Sq(6,4)+Sq(0,6))41+(Sq
16+Sq(10,2)+Sq(9,0,1))42+(Sq
10+
Sq(4,2))44+(Sq
8+Sq(2,2))45+Sq
(1,2)46+(Sq
7+Sq(1,2)+Sq(0,0,1))47+Sq
2410
35: d(512) = (Sq
31 +Sq(25,2) +Sq(22,3) +Sq(19,4) +Sq(13,6) +Sq(7,8) +Sq(1,10) +
Sq(11,2,2) +Sq(7,1,3) +Sq(1,3,3) +Sq(3,0,4))40 +(Sq
(15,3) +Sq(12,4) +Sq(9,5) +
Sq(6,6) + Sq(3,7) + Sq(0,8) + Sq(10,0,2) + Sq(7,1,2) + Sq(1,3,2) + Sq(3,0,3))41 +
(Sq22+Sq(19,1)+Sq(16,2)+Sq(7,5)+Sq(1,7)+Sq(12,1,1)+Sq(3,4,1)+Sq(0,5,1)+
Sq(2,2,2) +Sq(7,0,0,1) +Sq(4,1,0,1) +Sq(0,0,1,1))42 +Sq
1743 +(Sq
16 +Sq(7,3) +
Sq(4,4) + Sq(1,5))44 + (Sq
(2,4) + Sq(0,0,2))45 + (Sq
13 + Sq(1,4))46 + (Sq
13 +
Sq(10,1) +Sq(7,2) +Sq(4,3) +Sq(1,4) +Sq(6,0,1) +Sq(0,2,1))47 +(Sq
9 +Sq(6,1) +
Sq(3,2))49 + Sq
1411
36: d(513) = (Sq
(26,2) + Sq(23,3) + Sq(20,4) + Sq(14,6) + Sq(11,7) + Sq(2,10) +
Sq(0,6,2) + Sq(11,0,3) + Sq(5,2,3) + Sq(4,0,4))40 + (Sq
25 + Sq(22,1) + Sq(10,5) +
Sq(4,7) + Sq(11,0,2))41 + (Sq
23 + Sq(17,2) + Sq(11,4) + Sq(5,6) + Sq(16,0,1) +
Sq(4,4,1) +Sq(1,5,1) +Sq(9,0,2) +Sq(3,2,2) +Sq(5,1,0,1))42 +Sq
1843 + (Sq
17 +
Sq(5,4))44 + (Sq
15 + Sq(9,2) + Sq(3,4))45 + Sq
(0,0,2)46 + (Sq
(11,1) + Sq(5,3) +
Sq(7,0,1) +Sq(1,2,1))47 +Sq
1248 + (Sq
(4,2) +Sq(1,3) +Sq(3,0,1) +Sq(0,1,1))49
36: d(514) = (Sq
32 +Sq(14,6) +Sq(8,8) +Sq(5,9))40 +(Sq
25 +Sq(22,1) +Sq(10,5) +
Sq(4,7) +Sq(12,2,1) +Sq(6,4,1) +Sq(0,6,1))41 +(Sq
(11,4) +Sq(5,6) +Sq(13,1,1) +
Sq(9,0,2))42+(Sq
17+Sq(5,4))44+(Sq
(11,1)+Sq(5,3)+Sq(7,0,1)+Sq(1,2,1))47+
Sq1412
38: d(515) = (Sq
(25,3) + Sq(22,4) + Sq(19,5) + Sq(1,11) + Sq(14,2,2) + Sq(11,3,2) +
Sq(5,5,2) +Sq(2,6,2) +Sq(7,2,3) +Sq(1,4,3) +Sq(3,1,4))40 +(Sq
(24,1) +Sq(15,4) +
Sq(12,5) +Sq(9,6) +Sq(2,6,1) +Sq(4,3,2) +Sq(1,4,2) +Sq(6,0,3) +Sq(0,2,3))41 +
(Sq(4,7)+Sq(18,0,1)+Sq(15,1,1)+Sq(6,4,1)+Sq(2,3,2)+Sq(10,0,0,1)+Sq(7,1,0,1))42+
Sq(8,4)43+Sq
(7,4)44+(Sq
(11,2)+Sq(5,4))45+(Sq
(4,4)+Sq(2,0,2))46+(Sq
(1,5)+
Sq(3,2,1))47 + Sq
1448 + (Sq
12 + Sq(9,1) + Sq(3,3) + Sq(0,4) + Sq(2,1,1))49 +
Sq2413 + Sq
1414
40: d(516) = (Sq
(30,2)+Sq(24,4)+Sq(18,6)+Sq(9,9)+Sq(6,10)+Sq(0,12)+Sq(7,5,2)+
Sq(1,7,2) +Sq(12,1,3) +Sq(6,3,3) +Sq(0,5,3))40 + (Sq
(17,4) +Sq(8,7) +Sq(5,8) +
Sq(2,9) + Sq(10,4,1) + Sq(7,5,1) + Sq(12,1,2) + Sq(9,2,2) + Sq(0,5,2) + Sq(5,1,3) +
Sq(2,2,3)+Sq(0,0,2,1))41+(Sq
(24,1)+Sq(6,7)+Sq(3,8)+Sq(20,0,1)+Sq(17,1,1)+
Sq(7,2,2)+Sq(9,1,0,1))42+(Sq
(10,4)+Sq(4,6)+Sq(1,7))43+(Sq
(15,2)+Sq(12,3)+
Sq(3,6)+Sq(0,7)+Sq(4,1,2))44+(Sq
18+Sq(12,2)+Sq(9,3)+Sq(6,4)+Sq(1,1,2))46+
(Sq(6,4) +Sq(0,6) +Sq(11,0,1) +Sq(8,1,1) +Sq(2,3,1) +Sq(1,1,2) +Sq(0,1,0,1))47 +
Sq1648 + (Sq
14 + Sq(2,4) + Sq(1,2,1) + Sq(0,0,2))49 + Sq
(10,1)410 + Sq
4413
42: d(517) = (Sq
(29,3) + Sq(26,4) + Sq(20,6) + Sq(8,10) + Sq(2,12) + Sq(21,1,2) +
Sq(12,4,2) +Sq(9,5,2) +Sq(6,6,2) +Sq(0,8,2) +Sq(8,3,3) +Sq(5,4,3) +Sq(2,5,3) +
Sq(4,2,4) +Sq(3,0,5))40 + (Sq
(28,1) +Sq(19,4) +Sq(10,7) +Sq(1,10) +Sq(9,5,1) +
Sq(11,2,2)+Sq(10,0,3)+Sq(0,1,4)+Sq(2,0,2,1))41+(Sq
(14,5)+Sq(11,6)+Sq(8,7)+
Sq(2,9) +Sq(22,0,1) +Sq(19,1,1) +Sq(4,6,1) +Sq(9,2,2) +Sq(6,3,2) +Sq(11,1,0,1) +
Sq(2,4,0,1))42 + Sq
2443 + (Sq
23 + Sq(11,4) + Sq(2,7) + Sq(9,0,2) + Sq(6,1,2) +
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Sq(0,3,2))44 + (Sq
(15,2) + Sq(9,4))45 + (Sq
(8,4) + Sq(6,0,2) + Sq(0,2,2))46 +
(Sq(17,1) + Sq(14,2) + Sq(5,5) + Sq(2,6) + Sq(7,2,1) + Sq(6,0,2))47 + (Sq
(13,1) +
Sq(1,5) + Sq(1,0,0,1))49 + (Sq
15 + Sq(12,1) + Sq(3,4) + Sq(0,5) + Sq(8,0,1) +
Sq(0,0,0,1))410 + Sq
5414
43: d(518) = (Sq
(30,3) + Sq(27,4) + Sq(18,7) + Sq(15,8) + Sq(12,9) + Sq(13,4,2) +
Sq(10,5,2) +Sq(4,7,2) +Sq(12,2,3) +Sq(3,5,3) +Sq(5,2,4) +Sq(2,3,4) +Sq(1,1,5) +
Sq(9,0,0,2) +Sq(6,1,0,2) +Sq(3,2,0,2))40 +(Sq
32 +Sq(26,2) +Sq(14,6) +Sq(11,7) +
Sq(8,8) +Sq(5,9) +Sq(2,10) +Sq(15,1,2) +Sq(3,5,2) +Sq(0,6,2))41 + (Sq
(15,5) +
Sq(12,6) + Sq(9,7) + Sq(6,8) + Sq(0,10) + Sq(11,4,1) + Sq(8,5,1) + Sq(5,6,1) +
Sq(2,7,1)+Sq(10,2,2)+Sq(4,4,2)+Sq(2,0,4)+Sq(15,0,0,1)+Sq(12,1,0,1)+Sq(3,4,0,1)+
Sq(0,5,0,1) + Sq(0,0,0,2))42 + Sq
2543 + (Sq
24 + Sq(15,3) + Sq(12,4) + Sq(9,5) +
Sq(3,7) + Sq(0,8) + Sq(7,1,2) + Sq(4,2,2) + Sq(1,3,2) + Sq(3,0,3))44 + (Sq
22 +
Sq(16,2) + Sq(10,4) + Sq(8,0,2))45 + (Sq
21 + Sq(12,3) + Sq(9,4) + Sq(1,2,2) +
Sq(0,0,3))46+(Sq
21+Sq(18,1)+Sq(15,2)+Sq(12,3)+Sq(9,4)+Sq(6,5)+Sq(3,6)+
Sq(0,7) + Sq(14,0,1) + Sq(8,2,1) + Sq(5,3,1) + Sq(2,4,1) + Sq(7,0,2) + Sq(4,1,2) +
Sq(1,2,2)+Sq(0,0,3)+Sq(6,0,0,1)+Sq(0,2,0,1))47+Sq
8412+(Sq
5+Sq(2,1))415+
Sq1417
44: d(519) = (Sq
(31,3) + Sq(22,6) + Sq(19,7) + Sq(10,10) + Sq(23,1,2) + Sq(11,5,2) +
Sq(8,6,2) + Sq(5,7,2) + Sq(7,4,3) + Sq(4,5,3) + Sq(1,6,3) + Sq(9,1,4) + Sq(6,2,4) +
Sq(0,4,4) + Sq(5,0,5) + Sq(10,0,0,2) + Sq(4,2,0,2))40 + (Sq
(30,1) + Sq(27,2) +
Sq(24,3) + Sq(18,5) + Sq(15,6) + Sq(12,7) + Sq(6,9) + Sq(0,11) + Sq(14,4,1) +
Sq(11,5,1)+Sq(1,6,2)+Sq(9,1,3)+Sq(6,2,3)+Sq(5,0,4))41+(Sq
(25,2)+Sq(19,4)+
Sq(10,7) +Sq(1,10) +Sq(21,1,1) +Sq(9,5,1) +Sq(6,6,1) +Sq(3,7,1) +Sq(17,0,2) +
Sq(5,4,2)+Sq(13,1,0,1)+Sq(0,0,0,0,1))42+(Sq
26+Sq(8,6)+Sq(5,7)+Sq(2,8))43+
(Sq25 +Sq(10,5) +Sq(7,6) +Sq(4,7) +Sq(4,0,3))44 +(Sq
23 +Sq(17,2) +Sq(11,4) +
Sq(5,6) +Sq(9,0,2))45 + (Sq
22 +Sq(13,3) +Sq(10,4))46 + (Sq
(19,1) +Sq(13,3) +
Sq(4,6) +Sq(1,7) +Sq(15,0,1) +Sq(12,1,1) +Sq(3,4,1) +Sq(1,0,3) +Sq(0,0,1,1))47 +
Sq2048 + (Sq
(12,2) + Sq(9,3) + Sq(6,4) + Sq(11,0,1) + Sq(8,1,1) + Sq(4,0,2) +
Sq(3,0,0,1))49 + Sq
(10,0,1)410 + Sq
10411 + Sq
8413 + Sq
7414 + Sq
2416
12.6. Homological degree 6. Complete through degree t = 44.
6: d(60) = Sq
150
16: d(61) = Sq
1150 + Sq
251
17: d(62) = Sq
1250 + Sq
(0,1)51 + Sq
152
20: d(63) = Sq
1550 + Sq
651 + Sq
452 + Sq
153
21: d(64) = (Sq
16 + Sq(10,2))50 + (Sq
7 + Sq(4,1) + Sq(0,0,1))51 + Sq
155
22: d(65) = Sq
(11,2)50 + (Sq
8 + Sq(5,1))51 + Sq
(0,2)52 + Sq
353 + Sq
254
23: d(66) = (Sq
(9,3) + Sq(6,4) + Sq(3,5))50 + Sq
951 + Sq
453 + Sq
(0,1)54 + Sq
156
26: d(67) = (Sq
(9,4) + Sq(3,6) + Sq(0,7))50 + Sq
753 + Sq
654 + Sq
456 + (Sq
3 +
Sq(0,1))57 + Sq
158
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29: d(68) = (Sq
(15,3) + Sq(9,5) + Sq(3,7) + Sq(0,8) + Sq(10,0,2))50 + (Sq
(12,1) +
Sq(3,4) +Sq(0,5) +Sq(8,0,1) +Sq(0,0,0,1))51 +Sq
954 +Sq
756 +Sq
657 +Sq
458 +
Sq(0,1)59 + Sq
1510
32: d(69) = (Sq
27+Sq(15,4)+Sq(6,7)+Sq(3,8)+Sq(10,1,2))50+(Sq
(15,1)+Sq(3,5)+
Sq(0,6) +Sq(11,0,1))51 + (Sq
16 +Sq(4,4) +Sq(2,0,2))52 +Sq
(7,2)53 +Sq
1254 +
Sq1255 + Sq
(1,3)56 + (Sq
9 + Sq(6,1) + Sq(0,3))57 + Sq
(1,2)58 + Sq
(0,2)59 +
Sq4510 + Sq
3511
36: d(610) = (Sq
31 + Sq(13,6) + Sq(4,9) + Sq(11,2,2) + Sq(10,0,3))50 + (Sq
22 +
Sq(19,1)+Sq(4,6)+Sq(15,0,1))51+(Sq
(11,3)+Sq(2,6)+Sq(0,2,2))52+Sq
(8,3)53+
Sq(9,0,1)54+(Sq
(10,2)+Sq(7,3))55+Sq
(5,2)58+(Sq
(7,1)+Sq(4,2))59+Sq
(2,2)510
37: d(611) = (Sq
32+Sq(26,2)+Sq(11,7)+Sq(8,8)+Sq(2,10)+Sq(15,1,2)+Sq(12,2,2)+
Sq(6,4,2))50+(Sq
23+Sq(20,1)+Sq(11,4)+Sq(8,5)+Sq(5,6)+Sq(2,7)+Sq(16,0,1)+
Sq(4,4,1) + Sq(8,0,0,1))51 + Sq
1514
38: d(612) = (Sq
(27,2) +Sq(15,6) +Sq(12,7) +Sq(3,10) +Sq(10,3,2) +Sq(1,6,2))50 +
(Sq(12,4) + Sq(6,6) + Sq(0,8) + Sq(2,5,1))51 + (Sq
22 + Sq(16,2) + Sq(13,3) +
Sq(10,4) + Sq(8,0,2) + Sq(1,0,3))52 + (Sq
19 + Sq(13,2) + Sq(10,3))53 + (Sq
18 +
Sq(15,1) + Sq(11,0,1))54 + (Sq
18 + Sq(12,2) + Sq(6,4))55 + Sq
(7,3)56 + (Sq
15 +
Sq(0,5))57 +(Sq
13 +Sq(7,2) +Sq(1,4))58 +(Sq
(9,1) +Sq(3,3))59 +Sq
(4,2)510 +
(Sq3 + Sq(0,1))512
40: d(613) = (Sq
(11,8) +Sq(15,2,2) +Sq(12,3,2) +Sq(9,4,2) +Sq(6,5,2) +Sq(3,6,2) +
Sq(2,4,3)+Sq(7,0,4))50+(Sq
(14,4)+Sq(5,7)+Sq(2,8)+Sq(19,0,1)+Sq(4,5,1))51+
(Sq(15,3) + Sq(10,0,2) + Sq(7,1,2))52 + (Sq
(15,2) + Sq(9,4) + Sq(3,6) + Sq(0,7) +
Sq(7,0,2))53 +(Sq
20 +Sq(5,5) +Sq(2,6) +Sq(13,0,1))54 +(Sq
(6,4) +Sq(3,5))56 +
(Sq(11,2) + Sq(8,3) + Sq(10,0,1))57 + (Sq
15 + Sq(0,5) + Sq(1,0,2))58 + (Sq
14 +
Sq(2,4) + Sq(7,0,1) + Sq(0,0,2))59 + (Sq
5 + Sq(2,1))512 + Sq
4513
42: d(614) = (Sq
(31,2) + Sq(25,4) + Sq(7,10) + Sq(1,12) + Sq(14,3,2) + Sq(11,4,2) +
Sq(8,5,2) +Sq(2,7,2) +Sq(13,1,3) +Sq(10,2,3) +Sq(4,4,3) +Sq(9,0,4))50 +(Sq
28 +
Sq(16,4) + Sq(13,5) + Sq(10,6) + Sq(7,7) + Sq(4,8) + Sq(6,5,1) + Sq(3,6,1) +
Sq(0,7,1))51 +(Sq
(17,3) +Sq(5,7) +Sq(9,1,2) +Sq(0,4,2) +Sq(5,0,3))52 +(Sq
23 +
Sq(17,2) + Sq(14,3) + Sq(8,5) + Sq(5,6) + Sq(9,0,2) + Sq(6,1,2))53 + (Sq
22 +
Sq(15,0,1) + Sq(3,4,1) + Sq(0,5,1))54 + (Sq
(16,2) + Sq(10,4) + Sq(8,0,2))55 +
(Sq(11,3) + Sq(5,5) + Sq(2,6))56 + (Sq
(13,2) + Sq(10,3) + Sq(4,5) + Sq(12,0,1) +
Sq(2,1,2))57+(Sq
(2,5)+Sq(0,1,2))58+(Sq
(4,4)+Sq(1,5)+Sq(3,2,1)+Sq(2,0,2))59+
(Sq(8,2) + Sq(2,4) + Sq(0,0,2))510 + Sq
(0,2)513
43: d(615) = (Sq
(29,3) + Sq(26,4) + Sq(14,8) + Sq(8,10) + Sq(5,11) + Sq(2,12) +
Sq(24,0,2) +Sq(9,5,2) +Sq(0,8,2) +Sq(11,2,3) +Sq(5,4,3) +Sq(4,2,4) +Sq(1,3,4) +
Sq(3,0,5))50 + (Sq
29 + Sq(5,8) + Sq(10,4,1))51 + (Sq
27 + Sq(15,4) + Sq(9,6) +
Sq(6,7) + Sq(3,8) + Sq(13,0,2) + Sq(10,1,2) + Sq(6,0,3))52 + (Sq
24 + Sq(18,2) +
Sq(15,3) + Sq(12,4) + Sq(9,5) + Sq(10,0,2) + Sq(7,1,2) + Sq(4,2,2) + Sq(1,3,2) +
Sq(3,0,3))53+(Sq
(20,1)+Sq(11,4)+Sq(8,5)+Sq(5,6)+Sq(16,0,1)+Sq(8,0,0,1))54+
(Sq(14,3) + Sq(11,4) + Sq(5,6) + Sq(2,7) + Sq(9,0,2) + Sq(6,1,2) + Sq(3,2,2))55 +
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(Sq21 + Sq(15,2) + Sq(3,6) + Sq(0,7) + Sq(7,0,2) + Sq(0,0,3))56 + (Sq
(17,1) +
Sq(14,2) + Sq(11,3) + Sq(8,4) + Sq(2,6) + Sq(7,2,1) + Sq(1,4,1) + Sq(3,1,2) +
Sq(0,2,2))57+(Sq
(9,3)+Sq(1,1,2))58+(Sq
(2,5)+Sq(10,0,1)+Sq(4,2,1)+Sq(0,1,2))59+
(Sq14+Sq(11,1)+Sq(8,2)+Sq(2,4)+Sq(7,0,1)+Sq(4,1,1)+Sq(0,0,2))511+Sq
1517
44: d(616) = (Sq
(30,3) + Sq(27,4) + Sq(12,9) + Sq(9,10) + Sq(6,11) + Sq(3,12) +
Sq(13,4,2)+Sq(10,5,2)+Sq(15,1,3)+Sq(12,2,3)+Sq(9,3,3)+Sq(3,5,3)+Sq(5,2,4))50+
(Sq(18,4) + Sq(15,5) + Sq(12,6) + Sq(6,8) + Sq(0,10) + Sq(11,4,1) + Sq(8,5,1) +
Sq(15,0,0,1))51 +(Sq
28 +Sq(22,2) +Sq(16,4) +Sq(7,7) +Sq(14,0,2) +Sq(11,1,2) +
Sq(8,2,2))52 + (Sq
(13,4) + Sq(5,2,2))53 + (Sq
(12,4) + Sq(6,6) + Sq(17,0,1))54 +
(Sq24 + Sq(15,3) + Sq(12,4) + Sq(6,6) + Sq(3,7))55 + (Sq
(7,5) + Sq(1,0,3))56 +
(Sq(9,4) + Sq(6,5) + Sq(3,6) + Sq(0,7) + Sq(7,0,2) + Sq(1,2,2) + Sq(6,0,0,1) +
Sq(0,2,0,1))57+(Sq
(7,4)+Sq(4,5)+Sq(5,0,2)+Sq(2,1,2))58+(Sq
(12,2)+Sq(3,5)+
Sq(11,0,1)+Sq(4,0,2)+Sq(1,1,2))59+(Sq
(10,2)+Sq(4,4))510+(Sq
9+Sq(6,1))512+
Sq(1,0,1)513 + Sq
(3,1)515
44: d(617) = (Sq
(27,4) + Sq(21,6) + Sq(15,8) + Sq(12,9) + Sq(3,12) + Sq(25,0,2) +
Sq(10,5,2) +Sq(1,8,2) +Sq(15,1,3) +Sq(3,5,3) +Sq(11,0,4) +Sq(8,1,4))50 +(Sq
30 +
Sq(18,4) + Sq(6,8) + Sq(3,9) + Sq(23,0,1) + Sq(11,4,1) + Sq(2,7,1) + Sq(2,0,4) +
Sq(15,0,0,1)+Sq(3,4,0,1))51+(Sq
(22,2)+Sq(19,3)+Sq(16,4)+Sq(10,6)+Sq(1,9)+
Sq(11,1,2) +Sq(8,2,2) +Sq(2,4,2) +Sq(0,0,4))52 + (Sq
25 +Sq(1,8) +Sq(11,0,2) +
Sq(5,2,2) + Sq(1,1,3))53 + (Sq
24 + Sq(12,4) + Sq(6,6) + Sq(0,8) + Sq(2,5,1))54 +
(Sq24 + Sq(15,3) + Sq(12,4) + Sq(0,8) + Sq(10,0,2) + Sq(4,2,2))55 + (Sq
(13,3) +
Sq(10,4) + Sq(7,5) + Sq(8,0,2) + Sq(2,2,2) + Sq(1,0,3))56 + (Sq
(18,1) + Sq(9,4) +
Sq(6,5) +Sq(8,2,1) +Sq(1,2,2) +Sq(0,0,3))57 +(Sq
(13,2) +Sq(10,3))58 +(Sq
18 +
Sq(15,1) + Sq(12,2) + Sq(9,3) + Sq(3,5) + Sq(1,1,2))59 + Sq
16510 + (Sq
15 +
Sq(12,1) + Sq(9,2) + Sq(0,0,0,1))511 + (Sq
9 + Sq(6,1))512 + Sq
8513 + Sq
6515 +
(Sq4 + Sq(1,1))516 + Sq
2517
12.7. Homological degree 7. Complete through degree t = 44.
7: d(70) = Sq
160
18: d(71) = Sq
1260 + Sq
261 + Sq
162
22: d(72) = (Sq
16 + Sq(10,2))60 + (Sq
6 + Sq(0,2))61 + Sq
164
23: d(73) = (Sq
17 + Sq(11,2))60 + Sq
(0,0,1)61 + Sq
662 + (Sq
3 + Sq(0,1))63
24: d(74) = Sq
861 + Sq
463 + Sq
265 + Sq
166
30: d(75) = (Sq
(15,3)+Sq(12,4)+Sq(6,6)+Sq(3,7)+Sq(10,0,2))60+(Sq
14+Sq(8,2)+
Sq(2,4) +Sq(7,0,1) +Sq(4,1,1) +Sq(0,0,2))61 +Sq
(1,4)62 +Sq
(1,0,1)65 +Sq
766 +
Sq(1,1)67
33: d(76) = (Sq
(15,4) +Sq(6,7) +Sq(0,9))60 +(Sq
(14,1) +Sq(10,0,1) +Sq(3,0,2))61 +
Sq(7,3)62+(Sq
(7,2)+Sq(0,2,1))63+(Sq
(5,2)+Sq(4,0,1))65+Sq
(4,2)66+(Sq
(4,1)+
Sq(1,2) + Sq(0,0,1))67 + Sq
(1,1)68
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36: d(77) = (Sq
(15,5) + Sq(12,6) + Sq(6,8) + Sq(0,10) + Sq(10,2,2) + Sq(9,0,3))60 +
(Sq(17,1) + Sq(8,4) + Sq(5,5) + Sq(2,6) + Sq(13,0,1) + Sq(1,4,1) + Sq(6,0,2) +
Sq(0,2,2))61 + (Sq
19 + Sq(7,4) + Sq(4,5))62 + (Sq
(4,4) + Sq(1,5) + Sq(3,2,1) +
Sq(2,0,2))63+Sq
1564+(Sq
(2,4)+Sq(7,0,1)+Sq(4,1,1)+Sq(0,0,2))65+(Sq
(7,2)+
Sq(1,4))66 +(Sq
(7,1) +Sq(4,2))67 +(Sq
(4,1) +Sq(1,2) +Sq(0,0,1))68 +Sq
(1,1)69
37: d(78) = (Sq
(8,3,2) +Sq(2,5,2) +Sq(10,0,3))60 + (Sq
(6,5) +Sq(0,7) +Sq(14,0,1) +
Sq(7,0,2))61 +(Sq
(8,4) +Sq(3,1,2) +Sq(0,2,2))62 +(Sq
17 +Sq(14,1) +Sq(11,2) +
Sq(5,4) +Sq(3,0,2))63 +(Sq
15 +Sq(8,0,1) +Sq(0,0,0,1))65 +(Sq
14 +Sq(2,4))66 +
(Sq11 +Sq(8,1) +Sq(5,2) +Sq(2,3) +Sq(4,0,1))67 +Sq
(5,1)68 +Sq
569 +Sq
1610
38: d(79) = (Sq
32 +Sq(26,2) +Sq(8,8) +Sq(5,9) +Sq(2,10) +Sq(15,1,2) +Sq(12,2,2) +
Sq(9,3,2) + Sq(6,4,2) + Sq(8,1,3))60 + (Sq
22 + Sq(19,1) + Sq(16,2) + Sq(10,4) +
Sq(7,5) + Sq(4,6) + Sq(1,7) + Sq(15,0,1) + Sq(12,1,1) + Sq(3,4,1) + Sq(0,5,1) +
Sq(8,0,2) + Sq(2,2,2) + Sq(7,0,0,1) + Sq(4,1,0,1) + Sq(0,0,1,1))61 + Sq
1611
39: d(710) = (Sq
(27,2) + Sq(15,6) + Sq(12,7) + Sq(9,8) + Sq(3,10) + Sq(10,3,2))60 +
(Sq(20,1) +Sq(11,4) +Sq(5,6) +Sq(2,7) +Sq(13,1,1) +Sq(9,0,2) +Sq(8,0,0,1))61 +
(Sq(16,2)+Sq(10,4)+Sq(7,5)+Sq(4,6))62+(Sq
19+Sq(16,1)+Sq(10,3)+Sq(7,4)+
Sq(4,5))63 + Sq
(12,2)64 + (Sq
(10,0,1) + Sq(7,1,1))65 + Sq
(7,3)66 + (Sq
(4,3) +
Sq(6,0,1) + Sq(0,2,1))67 + (Sq
(7,1) + Sq(4,2))68 + (Sq
7 + Sq(4,1) + Sq(1,2) +
Sq(0,0,1))69 + Sq
3610
40: d(711) = (Sq
(13,7) + Sq(10,8) + Sq(4,10) + Sq(11,3,2) + Sq(10,1,3))60 + (Sq
24 +
Sq(21,1) +Sq(17,0,1) +Sq(5,4,1) +Sq(9,0,0,1) +Sq(6,1,0,1))61 +(Sq
23 +Sq(5,6) +
Sq(2,7))62 + (Sq
(17,1) + Sq(14,2) + Sq(11,3) + Sq(5,5) + Sq(1,4,1))63 + (Sq
19 +
Sq(10,3) + Sq(7,4))64 + (Sq
18 + Sq(15,1) + Sq(12,2))65 + Sq
(7,0,1)67 + (Sq
11 +
Sq(8,1) + Sq(2,3))68 + Sq
(5,1)69 + Sq
4610 + Sq
2612
42: d(712) = (Sq
(30,2) + Sq(27,3) + Sq(12,8) + Sq(9,9) + Sq(6,10) + Sq(0,12) +
Sq(1,7,2) + Sq(15,0,3) + Sq(3,4,3))60 + (Sq
26 + Sq(23,1) + Sq(11,5) + Sq(5,7) +
Sq(16,1,1) + Sq(3,3,2) + Sq(11,0,0,1) + Sq(8,1,0,1) + Sq(4,0,1,1))61 + (Sq
25 +
Sq(10,5)+Sq(5,2,2)+Sq(1,1,3))62+(Sq
(19,1)+Sq(7,5)+Sq(9,2,1))63+(Sq
(9,4)+
Sq(6,5))64 + (Sq
(13,0,1) + Sq(5,0,0,1))65 + (Sq
(13,2) + Sq(7,4) + Sq(1,6))66 +
(Sq(13,1)+Sq(9,0,1)+Sq(3,2,1))67+(Sq
(7,2)+Sq(4,3)+Sq(6,0,1)+Sq(0,2,1))68+
Sq(0,2)610
44: d(713) = (Sq
(14,8) + Sq(2,12) + Sq(12,4,2) + Sq(9,5,2) + Sq(3,7,2) + Sq(0,8,2) +
Sq(14,1,3)+Sq(11,2,3)+Sq(5,4,3)+Sq(7,1,4))60+(Sq
(25,1)+Sq(13,5)+Sq(10,6)+
Sq(7,7) + Sq(4,8) + Sq(1,9) + Sq(6,5,1) + Sq(0,7,1) + Sq(14,0,2) + Sq(5,3,2) +
Sq(2,4,2) + Sq(13,0,0,1) + Sq(1,4,0,1) + Sq(6,0,1,1))61 + (Sq
(18,3) + Sq(3,8) +
Sq(0,9) +Sq(7,2,2) +Sq(4,3,2) +Sq(6,0,3) +Sq(3,1,3) +Sq(0,2,3))62 +(Sq
(21,1) +
Sq(12,4) + Sq(3,7) + Sq(11,2,1) + Sq(5,4,1) + Sq(10,0,2) + Sq(1,3,2) + Sq(3,0,3) +
Sq(0,1,3))63 + (Sq
23 + Sq(8,5))64 + (Sq
(19,1) + Sq(10,4) + Sq(7,5) + Sq(4,6) +
Sq(15,0,1) +Sq(12,1,1) +Sq(3,4,1) +Sq(0,5,1) +Sq(8,0,2) +Sq(2,2,2) +Sq(4,1,0,1) +
Sq(0,0,1,1))65+(Sq
(6,5)+Sq(7,0,2)+Sq(1,2,2))66+(Sq
(3,5)+Sq(0,6)+Sq(5,2,1)+
Sq(4,0,2))67+(Sq
15+Sq(12,1)+Sq(0,5)+Sq(1,0,2)+Sq(0,0,0,1))68+Sq
(3,3)69+
Sq8610 + Sq
6612 + Sq
4613 + Sq
2614
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44: d(714) = (Sq
(29,3) + Sq(11,9) + Sq(5,11) + Sq(2,12) + Sq(15,3,2) + Sq(12,4,2) +
Sq(3,7,2)+Sq(0,8,2)+Sq(14,1,3)+Sq(11,2,3)+Sq(8,3,3)+Sq(2,5,3)+Sq(7,1,4))60+
(Sq28 +Sq(22,2) +Sq(13,5) +Sq(7,7) +Sq(4,8) +Sq(1,9) +Sq(21,0,1) +Sq(6,5,1) +
Sq(3,6,1) + Sq(14,0,2) + Sq(5,3,2) + Sq(13,0,0,1) + Sq(10,1,0,1) + Sq(1,4,0,1) +
Sq(6,0,1,1))61+(Sq
(15,4)+Sq(12,5)+Sq(10,1,2)+Sq(4,3,2)+Sq(6,0,3)+Sq(0,2,3))62+
(Sq24 + Sq(21,1) + Sq(18,2) + Sq(9,5) + Sq(10,0,2) + Sq(7,1,2) + Sq(0,1,3))63 +
(Sq22 + Sq(16,2) + Sq(7,5) + Sq(15,0,1) + Sq(12,1,1) + Sq(0,5,1) + Sq(8,0,2) +
Sq(2,2,2)+Sq(7,0,0,1)+Sq(4,1,0,1)+Sq(0,0,1,1))65+(Sq
(15,2)+Sq(9,4)+Sq(6,5)+
Sq(3,6) +Sq(7,0,2))66 + (Sq
(15,1) +Sq(6,4) +Sq(11,0,1) +Sq(5,2,1) +Sq(4,0,2) +
Sq(1,1,2))67 + (Sq
15 +Sq(12,1) +Sq(1,0,2) +Sq(0,0,0,1))68 + (Sq
12 +Sq(6,2) +
Sq(3,3) + Sq(0,4))69 + Sq
8610 + Sq
1615
12.8. Homological degree 8. Complete through degree t = 44.
8: d(80) = Sq
170
23: d(81) = Sq
1670 + (Sq
5 + Sq(2,1))71 + Sq
172
25: d(82) = (Sq
18 + Sq(12,2))70 + (Sq
7 + Sq(1,2) + Sq(0,0,1))71 + Sq
273
30: d(83) = (Sq
(17,2) + Sq(14,3) + Sq(8,5))70 + (Sq
(9,1) + Sq(6,2))71 + (Sq
7 +
Sq(4,1) + Sq(0,0,1))73 + Sq
(3,1)74
31: d(84) = (Sq
(15,3) +Sq(12,4) +Sq(9,5))70 +(Sq
13 +Sq(10,1) +Sq(7,2) +Sq(4,3) +
Sq(1,4) + Sq(6,0,1) + Sq(0,2,1))71 + Sq
175
33: d(85) = (Sq
26+Sq(11,5)+Sq(12,0,2))70+(Sq
(12,1)+Sq(1,0,2)+Sq(0,0,0,1))71+
(Sq10 + Sq(7,1))73 + (Sq
(6,1) + Sq(3,2) + Sq(0,3) + Sq(2,0,1))74 + Sq
375
34: d(86) = (Sq
27 +Sq(21,2) +Sq(18,3) +Sq(15,4) +Sq(12,5) +Sq(6,7) +Sq(3,8) +
Sq(13,0,2))70+(Sq
(13,1)+Sq(4,4)+Sq(6,1,1)+Sq(3,2,1)+Sq(1,0,0,1))71+(Sq
11+
Sq(4,0,1))73 + (Sq
(7,1) + Sq(1,3) + Sq(0,1,1))74 + Sq
475 + Sq
176
36: d(87) = (Sq
29 + Sq(23,2) + Sq(20,3) + Sq(5,8) + Sq(12,1,2))70 + (Sq
(6,4) +
Sq(0,6)+Sq(1,1,2)+Sq(0,1,0,1))71+(Sq
(10,1)+Sq(6,0,1))73+(Sq
(6,2)+Sq(3,3)+
Sq(5,0,1))74 + (Sq
6 + Sq(0,2))75 + Sq
376
37: d(88) = (Sq
(21,3) + Sq(15,5) + Sq(6,8) + Sq(3,9) + Sq(0,10))70 + Sq
(7,0,1)73 +
(Sq(4,3) + Sq(1,4) + Sq(0,2,1))74 + Sq
775 + Sq
476 + Sq
177
38: d(89) = (Sq
(19,4)+Sq(16,5)+Sq(17,0,2)+Sq(14,1,2)+Sq(8,3,2)+Sq(10,0,3))70+
(Sq(5,5)+Sq(2,6)+Sq(6,0,2))71+(Sq
(3,4)+Sq(0,5)+Sq(0,0,0,1))73+(Sq
(11,1)+
Sq(5,3) + Sq(7,0,1) + Sq(4,1,1))74 + (Sq
8 + Sq(2,2))75 + Sq
178
39: d(810) = (Sq
(23,3) + Sq(14,6) + Sq(8,8) + Sq(2,10) + Sq(11,0,3))70 + (Sq
21 +
Sq(12,3) + Sq(9,4) + Sq(6,5) + Sq(0,7) + Sq(14,0,1) + Sq(8,2,1) + Sq(2,4,1))71 +
Sq1772 + (Sq
(13,1) + Sq(9,0,1))73 + (Sq
(6,3) + Sq(3,4))74 + Sq
975 + (Sq
6 +
Sq(0,2))76 + Sq
377
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39: d(811) = (Sq
32 + Sq(8,8) + Sq(5,9) + Sq(15,1,2) + Sq(12,2,2) + Sq(9,3,2) +
Sq(11,0,3))70 + (Sq
21 + Sq(18,1) + Sq(15,2) + Sq(12,3) + Sq(9,4) + Sq(6,5) +
Sq(3,6) + Sq(0,7) + Sq(14,0,1) + Sq(11,1,1) + Sq(8,2,1) + Sq(2,4,1) + Sq(7,0,2) +
Sq(4,1,2) + Sq(1,2,2) + Sq(0,0,3) + Sq(6,0,0,1) + Sq(0,2,0,1))71 + Sq
179
40: d(812) = (Sq
33 +Sq(27,2) +Sq(24,3) +Sq(12,7) +Sq(9,8) +Sq(6,9) +Sq(3,10) +
Sq(0,11) +Sq(12,0,3))70 + (Sq
(13,3) +Sq(7,5) +Sq(1,7) +Sq(3,4,1) +Sq(0,5,1) +
Sq(1,0,3)+Sq(0,0,1,1))71+(Sq
17+Sq(10,0,1))73+(Sq
(4,4)+Sq(9,0,1)+Sq(3,2,1))74+
Sq(4,2)75 + Sq
776 + Sq
477 + Sq
1710
42: d(813) = (Sq
(29,2) + Sq(17,6) + Sq(11,8) + Sq(12,3,2) + Sq(6,5,2) + Sq(3,6,2) +
Sq(11,1,3))70 +(Sq
(18,2) +Sq(12,4) +Sq(9,5) +Sq(14,1,1) +Sq(5,4,1) +Sq(7,1,2) +
Sq(3,0,3)+Sq(6,1,0,1)+Sq(3,2,0,1))71+Sq
(14,2)72+(Sq
(16,1)+Sq(1,6)+Sq(12,0,1))73+
(Sq(6,4) + Sq(0,6))74 + (Sq
(6,2) + Sq(0,4))75 + Sq
976 + (Sq
6 + Sq(0,2))77 +
Sq578 + Sq
3710
43: d(814) = (Sq
(21,5) +Sq(15,7) +Sq(3,11) +Sq(0,12) +Sq(12,1,3))70 + (Sq
(16,3) +
Sq(10,5) + Sq(4,7) + Sq(3,5,1) + Sq(5,2,2) + Sq(2,3,2) + Sq(4,0,3) + Sq(1,1,3) +
Sq(4,2,0,1)+Sq(0,1,1,1))71+(Sq
21+Sq(12,3))72+(Sq
20+Sq(17,1)+Sq(5,5))73+
(Sq(13,2)+Sq(10,3)+Sq(7,4)+Sq(12,0,1)+Sq(9,1,1)+Sq(6,2,1)+Sq(1,1,0,1))74+
Sq1375 + Sq
(4,2)76 + Sq
777 + Sq
4710 + Sq
3711 + Sq
1712
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